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Optimal control of the bidomain system (II):
Uniqueness and regularity theorems for weak solutions

Karl Kunisch and Marcus Wagner

1. Introduction.

In this paper, we continue our investigation of optimal control problems for the bidomain equations. In a
previous work [ KUNISCH/WAGNER 11 ], control problems involving the monodomain approximation of the
bidomain system have been considered. Well-posedness of the problem formulation was proved, and first-
order optimality conditions were derived. Turning now to the investigation of optimal control of the full
bidomain system, a thorough understanding of the solution concepts for the equations is essential. This is
the focus of the present work while a detailed study of the arising control problem is left to an upcoming
publication.

For a bounded domain € R?® and T' > 0, the bidomain system reads as follows: °)

0Py,

(B)o BN + Lion(®yr, W) — div (MZ VCI)i) = I; for almost all (z,t) e Qx [0, T]; (1.1)
ag)ttr + Lion(®yr, W) + div (M. V®. ) = —I, for almost all (z,t) € Qx [0, T']; (1.2)
ow
s + G(Dy,, W) = 0 for almost all (z,t) € Q x [0, T]; (1.3)
nTM;V®;, =0 forall (z,t) €9Q x [0, T]; (1.4)
WM, V®, =0 forall (z,t) €9 x [0, T]; (1.5)
Dy (2,0) = ®;(2,0) — Do (x,0) = Pg(x) and W(z,0) = Wy(z) for almost all z € Q. (1.6)

Here Q represents the domain occupied by the cardiac muscle, the variables ®; and ®. denote the intracellular
and extracellular electric potentials, and ®;. = ®; — ®. is the transmembrane potential. The ionic current
Lion and the function G within the gating equation (1.3) will be specified according to the two-variable
models discussed in Subsection 2.b) below. In these models, I;,, and G depend on ®,. as well as on a
single gating variable W describing in a cumulative way the effects of the ion transport through the cell
membranes. The anisotropic properties of the intracellular and the extracellular tissue parts are modeled by
the conductivity tensors M; and M.. Finally, I; and I. describe the intracellular and extracellular stimulation
currents, respectively.

As already mentioned, our aim is to analyze optimal control problems related to (1.1) — (1.6): (1.7)

T T
(P) F (P4, D, W, 1I.) = / / r(x,t,fl)tr(z,t),@e(x,t),W(x,t))dasdt+g / / I.(z,t)* dz dt — inf!
0o Ja 0o Jo
subject to the bidomain equations (1.1) — (1.6) in its weak formulation (see (2.7) — (2.10) below)

and the control restriction | I (z,t)| < R for a. a. (z,t) € 2 x [0, T] (1.8)

First considered in [ TuNG 78]. A detailed introduction may be found in [ SUNDNES/LINES/CAI/NIELSEN/MARDAL/
TVEITO 06], pp. 21 — 56.
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where I, is considered as control variable. °?) Since we do not impose any restriction on the temporal derivative
of the controls, the formulation of (P) naturally calls for the analysis of a weak solution concept to the
bidomain equations. %3 If an optimal control admits improved regularity properties then, as we will prove,
the solutions of (2.7) —(2.10) gain additional regularity as well and become, in fact, strong solutions of
(1.1) — (1.6) (Corollary 3.4.).

Let us briefly discuss the results of the present paper in relation to those, which are available in the literature.
In [BourGAULT/COUDIERE/PIERRE 09], global existence of weak solutions for the two-variable models
from Subsection 2.b) was obtained. This result is cited below as Theorem 2.5. A sufficient condition for
uniqueness based on eigenvalue stability of a matrix related to (¢ 63’5"/{9‘{;‘" ¢ agg/giw), however, could be proven
only for the FitzHugh-Nagumo model. %) Similar results can be found in [ BOULAKIA/FERNANDEZ/GER-
BEAU/ZEMZEMI 08 ], namely a global existence theorem for weak solutions together with a uniqueness result
requiring spectral conditions analogously to the former ones. %) In [BourGAULT/COUDIERE/PIERRE 09],
moreover, existence and uniqueness of strong solutions is verified locally in time. %) Global existence and
uniqueness of strong solutions has been proved in [ VENERONI 09 | for a generalized Luo-Rudy type model. 07)
In the present work, global existence and uniqueness of weak solutions for the models discussed in [ BOUR-
GAULT/COUDIERE/PIERRE 09] is obtained (Theorem 2.8.). Consequently, the control-to-state mapping
within (P) is well-posed. The uniqueness theorem is proved under assumptions, which are natural for the
optimal control problem (P). Namely, in view of (1.8), we assume that the inhomogeneities I; and I, belong
to L™ [(O7 T), (WLQ(Q) )* ] Instead of spectral conditions of the type discussed above, our uniqueness
argument is based on an error estimate (Theorem 2.7.), which will become part of the proof of the necessary
optimality conditions for the control problem (P) as well. In the case of controls admitting a weak time
derivative, we obtain improved regularity of the solution to the bidomain equations by use of Veneroni’s
iterative procedure (Theorem 3.3. and Corollary 3.4.).

The paper is structured as follows: Section 2 contains the existence and uniqueness analysis of weak solutions.
Higher regularity of these solutions is investigated in Section 3. The assumptions and results are presented
at the beginning of each sections, while the rather technical proofs are given at their ends. Throughout we
use standard function space notation, as summarized in [ KUNISCH/WAGNER 11], pp. 3 and 29 f.

2. Existence and uniqueness of weak solutions for the bidomain system.

a) Equivalent formulations of the bidomain system; strong and weak solutions.

Introducing the transmembrane potential ®;. = ®; — ®,, the bidomain system (1.1) — (1.6) can be equi-

valently stated in the following parabolic-elliptic form: °®)

For physiological reasons, the intracellular excitation I; is set zero.

The existence theory for (P) must be based on a weak solution notion as well, cf. [ KUNISCH/WAGNER 11], p. 17 .,
Theorem 3.3.

[BOURGAULT/COUDIERE/PIERRE 09], p. 479, Theorem 32, together with Subsect. 6.1., p. 479 f.

[BOULAKIA/FERNANDEZ/GERBEAU/ZEMZEMI 08], p. 9, Theorem 2.2. Besides the models from Subsection 2.b), the
authors consider the Mitchell-Schaeffer model.

[BoUuRGAULT/COUDIERE/PIERRE 09 ], p. 469, Theorem 20. The assumptions of this theorem are rather difficult to
verify.

[ VENERONI 09], p. 854, Theorem 1.1.

See [ BOURGAULT/COUDIERE/PIERRE 09], p. 459.
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(B =+ Lion(®er, W) — div (M; V) —div (M; Vo) = I; (V) (x,t) € Qx[0,T]; (2.1)
div (M; VO, ) +div ((M; + M) VP, ) = —(I; + 1) (V) (z,t) € Qx[0,T]; (2.2)
2 4Gy, W) — 0 (M@Hex|o,T]; (2.3)
WM VO, +nTM; VO, = 0 V(x,t) € dQx[0,T]; (2.4)
nTM; VO, + 0T (M; + M,)VO, =0 V(x,t)€dQx[0,T]; (2.5)
Dy (2,0) = Po(z) Mz eQ; W(x,0) = Wy(z) (V)zel. (2.6)
The following weak formulation corresponds to the system (2.1) — (2.6): %9
0D,
(B) /Q(Ttt )+ VYT M (VP4 + VO, ) + Lion(Psr, W)1/)> dr = /Qfmdx Yy e WHA(Q);  (2.7)
/(VwTMN@WJerZJT(Mi+M6)V<I>e> do = /(L-He) W da (2.8)
Q Q
Vi e WH(Q) with / Y(z)de =0;
Q
/(a—w +G(<I>tr,W)) Ydr =0 Ve L*(Q); (2.9)
o\ ot
Dy (2,0) = Pp(z) Mz eQ; W(x,0) = Wy(z) (V)zel. (2.10)

The corresponding notions of strong and weak solutions will be clarified by the following definition.

Definition 2.1. 1) (Strong solution of the bidomain system (B);)'?) A triple (4, ®., W) is called
a strong solution of the bidomain system (2.1) — (2.6) on [0, T'] iff the functions @y, ®. and W satisfy the
equations (2.1) — (2.3) a. e. on Q x [0, T'] as well as the initial and boundary conditions (2.4) — (2.6) on
00 x [0, T, respectively. Moreover, the functions belong to the spaces

®,. € L*[(0,T), W) ] n Ww"?[(0,T), L*(Q)]; (2.11)
d, € L*[(0,T), W**(Q)]; (2.12)
wec[[o,T], L*()] nW"[(0,T), L*(Q)], (2.13)

and for allt € [0, T'], it holds that/ O (x,t)de = 0.
Q

2) (Weak solution of the bidomain system (B)y) ) A triple (®y,, &, W) is called a weak solution of
the bidomain system (2.7) — (2.10) on [0, T'] iff the functions Py, D, and W satisfy equations (2.7) — (2.9)

and obey the initial conditions (2.10). Moreover, the functions belong to the spaces

@, € C°[[0, T, L2 ()] n L*[(0,T), W Q)] n LP(Qr) with 2 < p < 6; (2.14)
d, € L*[(0,T), W(Q)]; (2.15)
wec’[[0,T], L*(Q)], (2.16)

99 Following [ BOURGAULT /COUDIERE/PIERRE 09], p. 472, Remark 27, the occuring distributional time derivatives can

*

be identified as functions d®y,./dt, OW/dt € L* [(O, T), (W”(Q)) ] .
10 Slightly modified from [ BOURGAULT/COUDIERE /PIERRE 09], p. 469, Definition 18.

) [BoURGAULT/COUDIERE/PIERRE 09], p. 472, Definition 26.
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and for almost all t € [0, T'], it holds that / O (x,t)dr = 0. Note that Qr =Q x [0, T].
Q

Assumptions 2.2. (Basic assumptions on the data in (B); and (B)3)
1)QcC R? is a bounded strongly Lipschitz domain.

2) M;, M, : cl () — R3**3 are symmetric, positive definite matrix functions with L™ (Q)-coefficients, obeying

uniform ellipticity conditions:
0< €17 SEM(@)€ < pal €7 and 0<yn €7 SETMe(@)E <p2|[€]° VEER® Yae (217)

with M1, U2 > 0.
3) ILion, and G are affine-linear with respect to W with

Lion(p,w) = Fi(p) + Fa(p)w and G(p,w) = Gi(p) + g2 w (2.18)

with continuous functions Fy, Fo, G;: R — R and g» € R.
4) The functions Fy, Fy and G; obey the following growth conditions: For all ¢ € R, it holds that

-1

|Fi(e)| < cotea]e|' s (2.19)
2-1

| Fop)| < estea]o”*71 (2.20)
2

[Gr()| < es+cole]” (2:21)

with nonnegative constants ci, ... , ¢g = 0 and some 2 < p < 6. Further, for all ¢, w € R, it holds that
ao | l” —bo (el > +|wl?) —co < o (Fi(p) + Fa(p)w) - o+ (Gi(p) + g2w) - w (2.22)

with constants ag > 0, ¢ > 0, by, cg = 0 and 2 < p < 6 as above.
) )* ] and satisfy the compatibility condition

5) The initial values ®q, Wy belong to the space L2(

6) I; and I. belong to the space LQ[(O, T), (W1’2(

/(Ii(:c,t)+le(x,t))dx 0 (Wtelo,T]. (2.23)
Q

Under these assumptions, the weak bidomain system (2.7) — (2.10) allows a further reformulation, which is
crucial for establishing existence and uniqueness results.
Theorem 2.3. (The reduced bidomain system and the bidomain bilinear form)

1)) Under the Assumptions 2.2., 1) — 6), a triple (®,, ®., W) forms a weak solution of (B)a on the interval
[0, T'] for the initial values Oy, Wy € L*(Q) iff it satisfies the reduced bidomain system

Bl (000, 0)+ A1), 6) + [ L@l WO) Do = (S).0) VoW (@ (224)
WO )+ [ G, W) vds =0 o e L) (2.25)

Q
Dy (2,0) = Pp(z) M)z eQ; W(z,0) = Wy(z) (V)ze (2.26)

[BOURGAULT/COUDIERE/PIERRE 09], p. 473, Lemma 28, together with p. 464, Definition 5.
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on [0, T] in distributional sense. Here the bidomain bilinear form A: W"2(Q) x W"?(Q) — R is defined
through

Ay, 2) = /QVMEMZ» Vipa da + /Q Vo M; Vipy da (2.27)
where 1}6 € Wl’z(ﬂ) is the uniquely determined solution of the variational equation
/QVQZET(MZ' + M) Vipde = —/QVz/)lTMi Vydr Yy e W (Q). (2.28)
Accordingly, the linear functionals S(t) € (VVL2 9 )* are defined through
(S).0) = (L), 0) = [ VM, Vido (229)
where 1), € wh? () is the uniquely determined solution of the variational equation
QV@;F(MZ- + M) Vipdr = (I(t) + I(t), ¥) Yo € WH(Q) with /Qae(x,t) de=0 (V)te (0,T).(2.30)

2)13) The bilinear form A is symmetric, continuous and coercive with

Bllv ||?/v1=2(9) < AW, ¥)+B11Y H2L2(Q) Ve WH(Q)  and (2.31)
| AW, ¥2) | < vl iz (92l Yo, ¢z € wh2(Q) (2.32)
where 3, v > 0.

b) The models for the ionic current.

For the ionic current I;,, and the function G within the gating equation, we will consider the following three

models:

a) The Rogers-McCulloch model. '*)

Lion(p,w) =b-o(p—a)(p—1)+p-w =bp>—(a+1)bp* +abp+pw; (2.33)
Glp,w) = cw—ckep (2.34)
with 0 <a <1,b>0, k>0 and € > 0. Consequently, the gating variable obeys the linear ODE

%—i—eWzan@m (2.35)

b) The FitzHugh-Nagumo model. '®)

Lion(pw) = p(p—a)(p—1)+w = ¢* = (a+1) > +ap+w; (2.36)
Glp,w) = cw—ckyp (2.37)

[BourcauLT/COUDIERE/PIERRE 09], p. 464, Theorem 6.
[ROGERS/McCULLOCH 94].
[FiTzHUGH 61], together with [NAGUMO/ARIMOTO /Y OSHIZAWA 62].
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with 0 < a < 1, k > 0 and € > 0. Consequently, the gating variable obeys the same linear ODE (2.35) as
before.

¢) The linearized Aliev-Panfilov model.'5)

Lion(p,w) = b-p(p—a)(p = 1)+ -w = by’ —(a+1)by* +aby + pw; (2.38)
Glp,w) = ew—cr((a+1)p—¢*) (2.39)

with 0 <a <1,b>0, k>0 and € > 0. The linear ODE for the gating variable is

%+€W:€H((a+l)¢tr*¢ﬂ2). (2.40)

Proposition 2.4. (Analytical properties of the ionic current models) 1) The Rogers-McCulloch,
FitzHugh-Nagumo and the linearized Aliev-Panfilov model satisfy Assumptions 2.2., 8) and 4) with p = 4.

c) Existence of weak solutions.

The following Theorems 2.5. and 2.6. were obtained in [ BOURGAULT/COUDIERE/PIERRE 09] and [NAa-
GAIAH/KUNISCH/PLANK 09].

Theorem 2.5. (Existence of weak solutions)'®) Assume that the data within (B)y obey Assumptions
2.2., 1)~ 6) with 2 < p < 6. Then for arbitrary initial values ®y, Wy € L*(), the bidomain system (B),
admits on [0, T'] at least one weak solution (P, D., W) in the sense of Definition 2.1., 2), where p is taken
from Assumption 2.2., 4).

Consequently, for any of the three models described in Subsection 2.b), weak solutions with p = 4 exist.
Theorem 2.6. (A priori estimate for weak solutions)'?) Assume that the data within (B)y obey
Assumptions 2.2., 1)— 6) with 2 < p < 6. If a triple
(@, @, W) € (C°[10,T), L3(@)] 0 L[ (0, T), W(@)] 0 L) )
x L*[(0,T), w(Q)] x C°[[0, T], L*(Q)] (2.41)

forms a weak solution of the bidomain system (B)s on [0, T'] then the following estimate holds:

+ @l 1@ llLe o) + 10Per/OE ]I

2
H(I)"||c°[[o,T),L2(Q)} 2[(0,7), w2(@)]

2
+ || (be HLZI:(O,T),Wl’z(Q)]

[0, ), (wr2@)]

+IW +low/ot IIiz[

colro,1), 22 | (0.7, (w2@)"]

<C- (1 + [l ®o HiQ(Q) + 1 Wo ||2L2(Q) + 11 ||2Lz[ + I Le ||2Lz[ (2.42)

(0,7, (wh2@))" ] <o,T),(W1~2(m)*]>

where 1/p+1/q = 1. The constant C > 0 does not depend on ®q, Wy, I; and I.

See [ ALIEV/PANFILOV 96]. The linearized model is taken from [ BOURGAULT/COUDIERE/PIERRE 09], p. 480. The
original model contains a Riccati equation for the gating variable instead.

[BOURGAULT/COUDIERE/PIERRE 09], pp. 479 — 481.
[BOURGAULT/COUDIERE/PIERRE 09], p. 473, Theorem 30.
[NAaGAIAH/KUNISCH/PLANK 09], p. 10, Lemma 3.5.



d) Uniqueness of weak solutions.

Note that Theorem 2.5. does not guarantee the uniqueness of the weak solution of (2.7) —(2.10) in cor-
respondence to a given pair of excitation variables I;, I.. The following error estimate, using assumptions,
which are in accordance with the analytical framework of the optimal control problem (P) to be analyzed

later, allows to prove a unique correspondence between (I;, I.) and the weak solution (®., ®., W).

Theorem 2.7. (Error estimates for weak solutions) Assume that the data within (B)y obey Assumptions
2.2., 1)— 6) together with p = 4, and specify within (B)s one of the models from Subsection 2.b). If two
weak solutions (4", ./, W), (D", ®.", W") of (B)y correspond to initial values &) = ®f = &y € L*(Q),
WY = WY = Wy € L*(Q) and inhomogeneities I, 1", I,” and I.” € L>[(0,T), (WI’Q(Q))*], whose
norms are bounded by R > 0, then the following estimates hold:

2

1o’ =20 20,7y, wrage)] + 11 2o’ — 20" IIZO[[O7T],L2(Q)] +] @ —<I>e”|\2L2[(0}T),W1,2(Q)] (2.43)
W =W 0,7y, 220 ] IV =W ool 10,77, 2] W =W o 0,7), 1200 ]

< C(III/—I/’ IIioo[(07T)7(W1,z(Q))*] + | I - I." IIQLW[(O,T%(WWQ))*} )

e’ — " ||W1'4/3[(0,T)7(WI’Z(Q))*] S O'Max(”h/ -1 ”L2[<0,T>,(w1~2<m)*} ’ (244)

/ " N AT . B ATV .
HIE 7]‘8 ”LQ[(O,T),(WLQ(Q))*]’”Il Il ||L2[(0,T),(W1>2(Q)) }a HIE Ie ||L2[(O,T),(W1'2(Q)) ])
The constant C > 0 does not depend on I;', I.), I’ and I,” but possibly on Q, R, ®q, Wy and p = 4.
This estimate yields the following uniqueness theorem:

Theorem 2.8. (Uniqueness of weak solutions) Assume that the data within (B)s obey Assumptions 2.2.,
1) — 6) together with p = 4, and specify within (B)a one of the models from Subsection 2.b). Then for initial
values @y € L*(), Wy € L*(Q) and inhomogeneities I;, I, € L>[(0,T), (Wl’Q(Q))*], the bidomain
system (B)2 admits a unique weak solution (®y., e, W) in the sense of Definition 2.1., 1) on [0, T].

e) Proofs.

Proof of Theorem 2.7. Throughout the proof, C' denotes a generical positive constant, which may appro-
priately change from line to line. C' will never depend on the data I,’, I/, I,” and I.” but possibly on €,
R, @9, Wy and p = 4. The proof will be divided into three parts according to the underlying ionic current

model.

Part A. The Rogers-McCulloch model.

e Step A1l. The difference of the reduced parabolic equations. By Theorem 2.3., 1), the pairs (@', W’) and
(@4, W) satisfy for almost all ¢ € [0, T'] the equations

(%q)”/(t)’ ’(/}> + A((I)tTl(t> ) "/)) +/§)Iion(q)tr/(t)’w/<t))wdx = (S/(t)’ ¢> V¢ € W172(Q); (245)

d

(G5 (0. 9)+ A0, 0) + [ L@ O O) b = (5"(0). %) VoW @) (240)

Consequently, we obtain the equation

( a (2u'(t) = @u"(t)), ) + AP (t) — @' (t), ¥) (2.47)

dt
[ (0. W(0) = Linl@” 0.7 (1) ) e = (') = S"(0), 0) Yo e WH(@)
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where
(S0, 0) = (1(0), )= [ VoMV des (870, 0) = (170), 0) — [ VOTM VI de, (248)
and E;, E,e € WI’Q(Q) are the uniquely determined solutions of the variational equations
/QVz/;T(Mq; +MOVY,de = (L' + 1., ) Vi€ WH(Q) and (2.49)
/Q VT (M; +M8)VEZ do = (L"+ 1", ¢) V¢ eW Q) (2.50)
with fQ (z,t)dx =0, fQ (z,t)dz =0 (V)te (0,T).

Lemma 2.9. Under the assumptions of Theorem 2.7., for arbitrary € > 0 the following estimate holds:
C 2 2 3e 2
! i ! 1 ! 1
(80 = 5"0), 0)| < 5= (10 = L O 1] o) + 1O = 1O ) )+ o 16 By
The constant C > 0 does not depend on e, ®q, Wy, I; and I,. (2.51)
Proof. Forming the difference of (2.49) and (2.50), we get the variational equation

/WT(MﬁMe)v@;_a;’)dx = ((L'=L") + (I~ 1."), %) Yew" (Q), (2.52)
Q

and by insertion of ¥ = @; —@Z as a feasible test function, we get from Assumption 2.2., 2) and the Poincaré

inequality: 2%)
— —! — —11 \T — —/!
C || ﬂ}e - d}e HWl’z(Q) g /Qv(we - we ) (M7 + Me) V(d&a - d)e ) dx (253)
< I =1 G =) | + (L =L, 9, - 9.} |.

For arbitrary € > 0, the generalized Cauchy inequality %) implies

CIT. =T sy < 52 1O = 1O W o) + 5192 =T I (2:54)
+2—€er'u)—fe”(wnz(wnm) o A
and with ¢ = C'/2, we obtain
=T wry < 5 (IO =T O W o) + IO~ L O W ) ). (259)
Further, it holds that
(50 =50, 0)] = (KO =170, v) = [ V"M, 9 (5~ ) o] (2.50)
< |<I/<t>—f/’<t>,w>|+r<v<$—@”) Miw>| (2.57)
< o O = KO W o) + 519 o) + 50 1 V(T — ) I Q>+ M P19 3 (259
< o IO~ B O ) + 5 18 By + g 170 =B oy + 5 1M1 16 ey (259
< o IE O = O 1] o) + 519 )
o (10 = H @1 gy + 1O = L0 1 gy ) + o 19 oy (260)

Together with the Rellich-Kondrachov theorem, [EVANS 98], p. 275, Theorem 1 holds true even on a bounded
strongly Lipschitz domain, cf. [ ADAMS/FOURNIER 07], p. 168, Theorem 6.3. Note that E/e and E;/ admit zero spatial
means.

Cf. [EvaNs 98], p. 622, b.



where (2.55) and Assumption 2.2., 2) have been used. Taking ¢/ = ¢/(2C) and equalizing the constants in

the first and third term in an appropriate way, we arrive at the claimed estimate (2.51). m

Turning back to equation (2.47), we may insert 1) = ®;,’(t) — ®;,” (t) as a feasible test function since @, (t),
@, (t) € W"?(Q). Using the constant 3 > 0 from Theorem 2.3., 2), (2.31), we obtain

% di | @4 () — @4 (t) Hi%g) + A( @y — @, O — @, ) + B P’ — Py HiQ(Q)
b [ (@0 W) = L@ W) ) (4 = ") d
= (8'(1) = §"(t), Dy’ — @) + B @0 — @0 |j2) =  (261)
3 37 10 =0 [y + 810" =0 raey + [ (Ton(®' W) = Ln(@, W) (81 = #1,") da

S | <S/(t) - S”(t), (I)tr/ - q)trﬁ> ’ +5 H (btrl - (I)tTH Hi?(ﬂ) : (2~62)

By Lemma 2.9., the first term on the right-hand side can be estimated through

[ (S'(t) = 8"(t), ®o/ — @4, )| < 2% ( | I (t) — I” () |\2(W1,2(Q))* + || 1 () - I (t) ||2(W1,2(Q))»« ) (2.63)

351 2
+—[1®u’(t) = 20" (1) w12

with a number €1 > 0 to be fixed later. The estimation of the second term can be performed literally as in
[KuNisCH/WAGNER 11], pp. 7 ff., (2.33) — (2.43), and we end up with the inequality

d 2 2
il Dy’ — Dy |20y + 28| P’ — 2o (12 (2.64)
€2 4 4 1/2 2
<C3 <|| @y’ a0y + | 20" ||L4(Q)) @0 — @0 [l 2@t || Dy — 4" 120
+ Ces | W a0 I 00’ — @0’ 1.2 + || ®y,' — by |72

+ Ceal| @0 [y | 26’ — 21" ||W1’2(Q) * a W =W 220
C ’ " 2 / " 2
o (180 = 10 sy + 10 = L Oy ) )
381

2 2
+ = H ‘I)tr (I)tTN ||W1=2(Q) + 26 ” (I)tr/ - ‘I)tr” HL2(Q) )

which is identical with [ KUNISCH/WAGNER 11], p. 9, (2.43). The positive numbers ea, €3 and &4, arising
from the repeated application of the generalized Cauchy’s inequality, will be fixed below. As a consequence

of the assumed L -regularity of the excitations I;’, I., I, and I.”, the inequalities

/ @,/ (t) de < C (1 + ol ®o H2L2(Q) + [ Wo ||2L2(Q) (2.65)
Q

5 2
[0,y (o) ] I o [0, (whn) ] )

/‘I)tr”(t)4 de < C (1 + 0| ®o ||2L2(Q) + [ Wo ||332(Q) (2.66)
Q

2 2
+HIill|‘L°°|:(07T),(W1,2(Q))*] + ||ICH ||L°°|:(0,T),(W1’2(Q))*} )
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may be taken over from loc. cit., p. 9, (2.46) and (2.48), as well. Further, W’ is the unique (strong or weak)
solution of the initial value problem (2.3), (2.6). Consequently, it belongs to the space ok [ (0,T7), LQ(Q) ] N
c° [[0,T], LZ(Q)] and admits the representation 22)

t
W' (z,t) = Wo(x)e ' +erne / O/ (z,7) e dr, (2.67)
0
which implies the estimate
4 2 2
/QW/(t)4 dz < Cl|Wo s +C (1 + [ %o Iz2¢0) + | Wo ll72(q) (2.68)

2 2
FIE N [0y, (wrece) ]+ I s [0 (we) ] )7

which has been already obtained in [KUNISCH/WAGNER 11], p. 10, (2.51). Combining now (2.64) with
(2.65), (2.66) and (2.68), we may fix the numbers €1, €2, €3, €4 > 0 in such a way that the terms with
| @ — @y ||‘2/Vl,2(Q) will be annihilated. We arrive at

d 2 C 1 2
10’ = 20" [[2g) < (—2 Stot 25) @4 — @4 1200 (2.69)
1 / 112 C / " 2 / " 2
+ I =W ) + E(HL () = L") g2y ) + 1) = e (t)H(Wl,Q(Q))*).

e Step A2. The difference of the gating equations. The weak solutions (®,/, W') and (®,”, W") satisfy for
almost all t € [0, T'] the equations

<%W’(t)7w> = —/Q(gwf(t)—m%'(t))q/;dx Vi € L*(Q) and (2.70)
<%W”(t), V) = —/Q(EW"(t) — ek @y, (t))dz Vi € LX(Q). (2.71)

Inserting the feasible test function ¢ = W’ (t) — W”(¢) into the difference of (2.70) and (2.71), we get
d
(5 (W) =W"(@)), W'() = W"(1)) (2.71)
= —¢ / (W —W")de +er / (@1 — ") (W —W")de =
Q Q

d
= (H W — W ||§2(Q)) < (25+m) IW! =W 220y + x| @0’ — 0 I3 (2.72)

’ )12
) HW _W ||L2|:(07T),L2(Q):|

. After equalizing of the constants on the right-hand sides, the inequalities

e Step A3. The estimates for the differences || @’ — @4, ||20[[0 T LQ(Q)]

/ |12
and ||W 7W ||C0[[O,T],L2(Q):|
(2.69) and (2.72) give together

d 2 2 2 2
T (H Oy’ — 4" |72y + | W = W ||L2(Q)) <C- (|| Oy’ — Oy |2y + | W =W ||L2(Q)> (2.73)
C / " 2 ’ " 2
to (|| Li(t) = 17 (t) ||(W1,2(Q)) + [ 1e'(t) — 17 (1) H(W1>2(Q)) ) ;

22) [WARGA 72], p. 192, Theorem I1.4.6.
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After application of Gronwall’s inequality, 2> (2.73) implies

2 2 2
[ e’ (8) = @i (t) 720y + | W/ (£) = W (#) 7200 < €° ( [ @4/(0) — @4 (0) |20 (2.74)
’ 7 2 C ¢ / " 2 ’ 7 2
+ [|W(0) = W (0) [|72(q) + = /s (I L' () = L" () ||(W1,2(Q))* + || L () = 1" (7) ”(W“‘(Q))* ) dT)
c 2 2
cT / // . I .
<e (”I HLQ[(O’T)’(Wl,z(Q)) ] +||Ie Ie HLZ[((),T),(W1’2(Q)) ]) (275)

From the last inequality, we get the desired estimates:

‘// H2

20,1y, (w2@)" ]

I =1 a0,y (wroen)'] ) 2TO

| @y — @y ||c°[[o 1 2@)] S “r (”I/

cr € 2
T <||I/ ‘N||L2[(0,T),(W1*2(ﬂ))*]

=L 0,2y, (weaio)]) - T
¢ 2
W= WHHLZ[(O T),L2(Q) ] < Tt (”I/_Ii// ”LQ[(O,T),(WI'Z(Q))*]

2
+||Ie/_-[e// ||L2|:(07T)7(W1’2(Q))*])' (278)

/ 102
W~ oy ] < ©

e Step A4. The estimate for the difference || @4 — @y, ||2 The considerations from

L0, 1), W@ ]
[KuNisCcH/WAGNER 117, p. 11, (2.65) — (2.68) may be taken over literally in order to confirm that

|

LZ[(O Ty, Wh 2(0)] < C(HIilflv LZ[(O,T),(WL?(Q))*]

+| I - 1.” ||iz[(O’T)’ (wr2)] ) . (2.79)

H (I)tr (I)fru ||

e Step A5. The estimate for the difference |W' — W" ||?
from loc. cit., p. 11 f., (2.69) — (2.72), we get the estimate

wt 2[ 0, T)7L2(Q)]. Taking over the calculations

s

le[ 0, T),LZ(Q)] < C(”Ii/_lz Lz[(O,T),(Wl‘z(Q))*]

2
T ”Ie/ 7161/ ||L2[(0,T),(W1’2(Q))*} ) .

W —w"|? (2.80)

e Step AG6. The estimate for the difference || @’ _(I)”/IHWL‘*/?'[(O . (W) ] Even in this step,

the calculations from [ KUNISCH/WAGNER 11], pp. 12 ff.; (2.73) — (2.101), may be repeated with a single
modification, namely the replacement of the monodomain form M (11, 2) by the bidomain form A(1, 1¥2)
from Theorem 2.3. We obtain the estimate

H (I)tr, - (I)tru ||

< O Max ( 11— 1" | (2.81)

W1'4/3[(0,T), (Wl,Q(Q))*] S

5 2
I =L e 0,0y (wrze) ] He =L 2 0.2y, (w2 )] )

2o,y (w2@) |’

Ie" = 1" ||L2[(O,T) (wh2@)" ]

23) [Evans 98], p. 624, j.
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2

e Step A7. Derivation of the estimate for || ®. — ®.” 72 [(0,7),wi2@)]

from the difference of the elliptic

equations. Forming the difference of the equations

/ (wTMN%/ + VT (M; + M,) vq>e') de = /
Q

(I/ v Ie') $dr and (2.82)
Q

/ (VwTMN@t/’ + VT (M; + M,) V@e”) de = /
Q

Q(I/’ + Ie”) b da (2.83)

Vi e WH(Q) with /sz(g;) dz =0,

which are valid for the pairs (9, ®.') and (@, ®.”) for almost all t € [0, T'], we get
/Q(WTMN( @y — @, ) + VYT (M; + M) V(0. — @.") ) dz (2.84)
- /Q((I/ 1) + (I - Ie”) Gdr Vi€ WH(Q) with /sz(x) dz = 0.

Inserting v = ®./(t) — ®.”(¢) as a feasible test function (cf. Definition 2.1., 2) ), we obtain from Assumption
2.2., 2) and the Poincaré inequality:

Cll @/ (1) — @ (t) 3120y < / v, —d.") M;V (D, —®,")dx (2.85)
Q

+ /(Iz‘/ _ Ii”) ((be/ _ (I)e//) dz + /(Ie/ _ Ie//) ((be/ _ (I)e”) dr
Q Q

1 2 / 1”2 €5 ’ 1”2 1 / " 2
< E H M; H ’ || V&, — Vo, ||L2(Q) + 9 || Ve, — Ve, ||L2(Q) + E H I; (t) —1I; (t) H(Wl,z(Q))* (2'86)
€6 2 1 2 €7 2
R = Py + 5 L0 = L] ) + 12— 8 e
C / "2 €5 ’ "2 1 / " 2
0 0 oy + 10 0 oy + 5 0~ 10 I ) 257

€6 2 1 2 €7 2
t 5 [ @ = D" |lyp12 (0 + 2en I L' (t) — L." () ||(W1’2(Q))* Ty @ = " [z -
Fixing €5, €6, €7 > 0 in an appropriate way and normalizing the constant on the left-hand side, we arrive at

2 2
1) = B (1) 20y < C (126 () = B (8) 120 (2:83)

FIE W) = 10 (i) + IO = L O o)) ) =

/ "2 / "2
Hée 7(1)6 ||L2|:(0,T),W1’2(Q):| g C(”@t?" 7©t7‘ ||L2|:(O,T),W1’2(Q)] (2'89)

/ "2 / "2
+||Iz —I; ||L2[(0,T),(W1>2(Q))*}+||Ie — I ||L2[(0,T),(W1>2(Q))*})’
from which we get with (2.79) the estimate
2
H (Pel - (be// ||W1’2(Q) (2.90)

2 2
S C(”I/_IZ'” le[co,m). (wozean) ]+ I = 2 Wz [ 0.0, (wraia) ] )

e Step A8. Conclusion of the proof of Part A. Since L™ [ (0,T7), (Wl’z(Q) )*] is continuously embedded
into LQ[(O, T), (Wl’Q(Q) )*], we have

1L =L . <O -15" ||Loo[ (2.91)

0.7y, (wr2@) ]’
< CHIe, - Ie” ||Loc[

[(0,7), (wh2() ]

! 1
HIE _Ie ||L2|:(O,T),(W1'2(Q))*:| (O,T),(W1’2(Q))*:|7 (292)

and the proof of Part A is complete.
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Part B. The FitzHugh-Nagumo model.
e Step B1. The difference of the reduced parabolic equations. In comparison with the Rogers-McCulloch

model, the FitzHugh-Nagumo model differs in the replacement of the nonlinear coupling term ¢ w by w and
the setting b = 1 within the ionic current. When proceeding as in Step A1, the first change applies to the
estimation of the term

/ (I'Lon((btr/7 W/) - Iion((I)trﬂa W”) ) (q)tr/ - (I)tr//) dx (293)
Q

within (2.62). The modification can be traced in complete analogy to [ KUNISCH/WAGNER 11], p. 14 £,
(2.103) — (2.106), and we get (2.69) again (up to a change in the constants).

e Step B2. The difference of the gating equations. Since the gating equation is the same as in the Rogers-

McCulloch model, Step A2 can be carried over without alterations.

e Step B3. The estimates for the differences || @, LW =W

2
-, oo, 71, 2] r2[ (0. 1), 22|

and ||W' = W" HZO[[O,T] @] Again, Step A3 can be carried over without changes, and we obtain the
estimates (2.76 — (2.78).

e Step B4. The estimate for the difference || @' — ®4," HZL?[
WAGNER 11], p. 15, (2.106) — (2.107), we get (2.79) again.

e Step B5. The estimate for the difference | W' — W Hivlv"‘[(o ). 1@

(0.7), WI,Q(Q)] . Proceeding as in [ KUNISCH/
. Step A5 can be carried over
without alterations, and we obtain (2.80).

e Step B6. The estimate for the difference || @’ — ®4," || . The considerations

w3 [ 0,7), (wh2(9))" ]
from [KUNISCH/WAGNER 11], p. 15 f., (2.108) — (2.112), may be repeated with the same modification as
in Step A6, namely the replacement of the monodomain form M (t1,12) by the bidomain form A(t1,1)2)
from Theorem 2.3. In the result, we arrive at (2.81) anew.

e Step BT7. The estimate for the difference || ®." — ®." ||

without changes, and we get (2.90) again.

e Step B8. Conclusion of the proof of Part B. By application of (2.91) and (2.92), the proof of Part B will
be completed.

2

Lz[(O,T),Wl*Z(Q)]' Step A7 can be taken over

Part C. The linearized Aliev-Panfilov model.

e Step C1. The difference of the reduced parabolic equations. Since the ionic currents in the Rogers-
McCulloch and the linearized Aliev-Panfilov model are identical, Step A1l can be carried over literally until
(2.69).

e Step C2. The difference of the gating equations. The weak solutions (®,, W') and (®,,”, W") satisfy for
almost all ¢t € [0, T']

<%W’(t)7¢> = ‘/g(ﬁw’(t)_M(aﬂ)@t,.’(t)+mq>t,.’(t)2)¢dx Vi e L*(); (2.94)
(%W”(t), Py = —/Q(EWN(t) —ek(a+1) 8,/ (t) +er®, () )vdr Yy e LX(Q) = (2.95)
(G (WO =w'®),0) = == [ (W)= W) vds (2.96)

+5/<;(a+1)/

Q

(@' (t) — @y (t) ) da — ek / (' (1) — @,/ (1)) v dx Vo € L*(Q).

Q
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Inserting now the feasible test function ¢ = W’(t) — W (t), we obtain

<% (W/(@t)=W"(t)), W'(t)-W"(t)) = —5/(W’—W”)2daz (2.97)
Q
+€f-@(a—|—1)/(¢>”’—<btr”) (W’—W”)dm—sn/((fl)tr’)2—(<btr”)2) (W -=W")dz =
Q Q
d 1 / "2 ’ "2 ’ " ’ "
£(§||W -W ||L2(Q)) <e|W -w ||L2(m+m(a+1)/\<1>ﬁ -0, | [ W =W | dx (2.98)

+m/y D) — (@) | | W =W |d2 =

d
= (Hw'—w" ||izm)) < (25+m(a+1)) IW = W [y +er(at D@0 — @0 |32 (299)

1
+258/ (04 +0," ) (01 — 0" ) da+ — [ (W —W")da
Q 258 Q
C (12 = @0 2y + W = W" 2y ) (2:100)
1/2
+C€8 (/Q(|(btrl|4+|®tr” 4)d1’) Hq)tr (I)tr// ||L4(Q) + || WI W/I ||i2(Q)
where the generalized Cauchy’s inequality with eg > 0 has been applied. Together with (2.65), (2.66) and
the imbedding inequality || - || 4(q) < C'|| - [lyyr.2(q), we find

W W ey ) < (Ot ) (100 = @ a1 =W 2y ) (2.101)

dt @) ) S 2es tr = P L) L@ '

2
+ 088 H (btr/ — (I)trll ||W12(Q) .

e Step C3. The estimates for the differences || @’ — ®4,”
and | W' — W ||

||c°[[o T],L? Q)] HWI w ||L2[(0 T), LQ(Q):I

(10,71, 22@)]" After addition of the inequalities (2.69) and (2.101), we may fix the num-

bers 1, ... , €4, €3 > 0 in such a way that the terms with || @, — ®;,” H?/VL2(9) will be annihilated. Equalizing
the constants on the right-hand side of the resulting inequality, Step A3 can be repeated literally, and we
obtain (2.76), (2.77) and (2.78).

e Step C4. The estimate for the difference || @' — @4, ”7:2 [(0 ) W1=2(Q)]'
€g > 0, the calculations from Step A4 can be repeated without change, and we arrive at (2.79).
. - A 1
o Step C5. The estimate for the difference | W' — W ||W1 [0 7). 2]

the feasible test function ¢ = (OW'(¢)/dt) — (OW" (t)/0t). With the generalized Cauchy’s inequality, we get

With an appropriate choice of

Into equation (2.96), we insert

ow' oW’ W' OW” oW’ aw”
(o 6t el el Al 7 ot 122 (2.102)
8W ow" €
|| - o) + 5= || W =W |72
€10 8W _8W”

2
+er(at1) =l 7 172 (Q)+2 e CR) R P

1, ow'  ow”

/ 4 " 4 li 1" 2
+ Cen (H P 1) + | Per ||L4(Q)> [ Po — Pu 120y + Yes =5~ —a ||L2(Q)

for arbitrary e, €10, £11 > 0. Considering (2.65) and (2.66), the arguments from Step A5 can be repeated
after an appropriate choice of these constants, and we arrive at (2.80) again.
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e Step C6. The estimate for the difference || @, — @4, || ] The calculations from Step

w3 (0,7), H-1(9)
A6 may be literally taken over, and we obtain (2.81).

e Step C7. The estimate for the difference || ®." — ®.” ||22[ )] Step AT can be taken over

(0,7),wWh2(Q
without changes, and we get (2.90) again.

e Step C8. Conclusion of the proof of Part C. By application of (2.91) and (2.92), the proof of Part C is
complete. m

Proof of Theorem 2.8. The existence of a weak solution (®, ., W) of (B) is ensured by Theorem 2.5.
In order to prove its uniqueness, Theorem 2.7. has to be applied to I,/ = I, =, and I,/ =1, = I,. m

3. Higher regularity of weak solutions for the bidomain system.

a) Veneroni’s iterative procedure.

In order to prove a further regularity theorem for the weak solutions of (B)3, we strengthen the assumptions
for the data. In particular, we will assume throughout this section that the sum of the excitations I; and I,
possesses a weak time derivative.

Assumptions 3.1. (Stronger assumptions on the data in (B); and (B)3)

1)QcC R? is a bounded strongly Lipschitz domain with Cl’l—boundary.

2) M;, M,: cl(Q) — R**® are symmetric, positive definite matrix functions with W' (Q)-coefficients,
obeying uniform ellipticity conditions:

0< | €N° <EMi(2) € <pa || €] and 0 < [|€]7 S E€TMe(z) € < pa||€]° VEER® VaeQ  (3.1)

with gy, pe > 0.
3) ILion, and G are affine-linear with respect to W with

Lion(p,w) = Fi(p) + Fa(p)w and G(p,w) = Gi1(p) + g2 w (3.2)

with continuous functions Fy, Fp, G;: R — R and ¢g» € R.
4) The functions Fy, Fy and G obey the following growth conditions: For all ¢ € R, it holds that

-1
|Fi(p)| < cotea]e| (3.3)
2-1
| Fa(p) | < cs+ea|o”*7 (3.4)
2
1Gi(9) | < es+cs|p|” (3.5)
with nonnegative constants ci, ... , ¢g = 0 and some 2 < p < 6. Further, for all ¢, w € R, it holds that
ao|@l? —bo (el >+ [w|?) —co < o (Filp) + Fa(p)w) - o+ (Gi(p) + gow) -w (3.6)

with constants ag > 0, 0 > 0, bg, ¢ = 0 and 2 < p < 6 as above.

5) The initial values belong to the following spaces: ®o € W>?(Q), Wy € L™(Q). Morecover, ®, satisfies the
compatibility condition described in [ VENERONI 09], p. 853, and p. 854, Remark 3. 2%

In contrast to the condition in [ BOURGAULT/COUDIERE/PIERRE 09], p. 469, Theorem 20, this condition can be
verified in a constructive way.
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6) I;, I. belong to the space L"[ (0, T), L (Q) ] with 4 < r < 6; the sum I; + I belongs even to the Sobolev
space W2 [(07 T), LQ(Q)] , and it holds that

/Q(Ii(x,t)+le(x,t)>dx:() (W)t e (0,00). (3.7)

Note that Assumption 3.1., k) implies Assumption 2.2., k) from Subsection 2.a), 1 < k < 6.

The following theorem is part of an iterative solution procedure for the bidomain system, which has been
presented in [ VENERONI 09 ] . In the present investigation, Veneroni’s result will be used in order to improve

the regularity of a given weak solution of (B),.

Theorem 3.2. (Iterative solution of the bidomain system)?® Let the Assumptions 8.1., 1)— 6)
hold. Further, let a function @, € LZ[(O, T), Wl’Q(Q)] be given, which is reqular enough to ensure that
Iz‘on(‘i)tm W(‘ftr)) belongs to L[ (0, T'), LQ(Q)], 1< q<r, where W(®,,) € C’O[[O7 T], L2(Q)] is defined

as the (weak or strong) solution of the initial value problem

~ ow

(Blogar  —5 + G(Dp, W) =0 (V) (2,8) € x (0,T), W(z,0) =Wy(z) (V)ze. (3.8)

1) Then the initial-boundary value problem

(B)o.par % + Lion(®4r, W (D)) — div (M; V) = I, (V) (2,8) € Q2% [0, T]; (3.9)
ag)t“" + Lion(®4, W(D,)) + div (M, VO, ) = I, (V) (z,t) € Q2 x[0,T]; (3.10)
WM, Ve, =0 V(x,t) €02 x[0,T]; (3.11)
WM. VO, =0 V(x,t)coNx[0,T]; (3.12)

D, (2,0) = ®i(x,0) — P (2,0) = Pp(x) (V)x €Q; /Q O (x,t)der =0 (V)te[0,T] (3.13)

possesses a uniquely determined solution (®;, ®.) € Lq[(O, T), WQ’Q(Q)] x L7 [(O7 T), W2’2(Q)] with
By = &, € WH[(0,T), L*(Q)] n LI (0, T), W**(Q)]. (3.14)

2) The solutions ®;, ®. satisfy the estimates

H (P'L ||Lq I:(O,T),W2’2(Q)} + || ¢t7' ||W1’q|:(07T),L2(Q)} < C ( || ¢0 ||W2'2(Q) (3]‘5)

1 Lion(@1r, W(@1) | L HIL L

w2 [ (0,7), L) | ) ;
(3.16)

e[ (0,7), 29| (0,7),2%(%) |

H (I)E ||L“|:(O,T),W2’2(Q)} + || (I)tTHWl’q[(O,T),Lz(Q)} < C(||¢O ||W2'2(Q)

+ [ Tion(@er, W (D) | + [l L ||Lq[ ]t 11 + L |

e[ (0,1), 29| (0,7),L%(Q WL?[(O,T),H(Q)])'

3) If ¢ > 2 then for a pair of solutions (., ®.', W), (@4, ®.", W") of (]A?;)Owgat and (E)O,par corresponding
to the entries (®,, ®., W') and (9}, ", W"), we have the estimate

try

t
2 ~ —~ ~ —~ 2
[ @' (t) = @or” (8) I72() < C/O | Zion (@ (0), W' (9)) = Lion(P(9), W (9)) || 12y d¥ VE € [0, T]. (3.17)

25) [VENERONI 09], p. 856 f., Proposition 3.1., together with p. 861.
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Proof. Parts 1) and 2) of Theorem 3.1. are identical with [ VENERONI 09], p. 856 f., Proposition 3.1.,
except for the fact that Iion(itr, W(&)tr)) is assumed to belong to L? [(0, T), LQ(Q) ], 1 < ¢ < r, instead
of L"[(0,T), L*(Q) |. However, a closer inspection of the proof in [ VENERONI 09], pp. 858 — 861, reveals
that all arguments remain in virtue for the above assumed weaker regularity since the Wl’q—regularity of the
solution of (]AB')()’pM depends on the regularity of

Ii(t) + 1.(%)

2

only. Then the estimates in Part 2) and 3) follow from [ VENERONI 09], p. 861, Theorem 3.1., together with

p. 860, (3.27), (3.28) and (3.30), in a completely analogous way. m

— Lion( ®o(t), W(®4,(1)) ) € LY(Q) (3.18)

b) Higher regularity of weak solutions.
Imposing the Assumptions 3.1., the regularity of a given weak solution of (B)2 can be considerably improved.

Theorem 3.3. (Higher regularity of weak solutions) Let the Assumptions 3.1., 1)—6) with p = 4
and 4 < r < 6 hold, and specify within (B)y one of the models from Subsection 2.b). Assume that a triple
(D4, Pe, W) forms a weak solution of the bidomain system (B)a on [0, T'] in the sense of Definition 2.1.,
2) in correspondence to initial values ®¢ € W272(Q) and Wy € L™ (2). Then the functions possess the higher

reqularity

®, e WH[(0,T), L2 Q)] nL7[(0,T), W*(Q)] n C°(Qr); (3.19)
o, € L*[(0,T), LX) nL'[(0,T), W**(Q)]; (3.20)
Wec'[(0,T), L=%Q)] nc’[[0,T], L=(Q)]. (3.21)

Consequently, (P, Pe, W) forms even a strong solution of (B)o and (B);.

Corollary 3.4. (Higher regularity and uniqueness of weak solutions) Let the assumptions of Theo-
rem 3.3. hold. Besides of Assumption 3.1., 6), let the inhomogeneities I; and I, belong even to the space
L>[(0,T), LQ(Q)]. Then the bidomain system (B)a possesses on [0, T'| a uniquely determined weak
solution (P, Pe, W), which admits the regularity described by (3.19) — (3.21) and, consequently, forms a
uniquely determined strong solution of (B)o and (B)1 as well.

As pointed out e. g. in [COLLI FRANZONE/GUERRI/TENTONI 90|, p. 159 f., the eigenvector bases of the
conductivity tensors M;, M, : cl(Q2) — R3*3, reflecting the direction of the muscle fibers within the heart
tissue, should be identical. Consequently, let us assume that the representations

el(x)T )\M(:I:) 0 0

M(z) = | ex(z)T 0 Ao,i(z) 0 (e1(x) ea(x) e3(x)) Vaec(Q); (3.22)
63($)T 0 0 )\3,1‘(1‘)
61($)T )\1’6(,@) 0 0

M.(z) = [ e2(2)T 0 Ao (z) 0 (e1(xz) ea(x) es(x)) Vaec(R) (3.23)
eg(x)T 0 0 >\3,e(33)

hold. As a consequence, the boundary conditions as well as the compatibility condition for the initial datum

®y may be simplified in the following way:

Corollary 3.5. (Geometrical consequences of higher regularity) Let the assumptions of Theorem
3.3. hold. Assume further that the descriptions (3.22), (3.23) and

)\l,i(w) 0 0 )\1’6(.’)3‘) 0 0
M;(z)n(x) = 0 A2 () 0 n(z), M.(x)n(z) = 0 Ag.e() 0 n(z) (3.24)
0 0 As,i(z) 0 0 Az ()

Ve dd
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are valid while ¢y, ea, e3: cl(Q) — R3 are continuous functions.

1) Then any weak solution of (B)s on [0, T'] is a strong solution of (B)o and (B); where the boundary
conditions (1.4) — (1.5) and (2.4) — (2.5) are replaced by

n'Ve, =0, nTVe, =0 V(x,t) €2 x[0,T] and (3.25)
n' Vo, =0, nTVe, =0 V(x,t) €02 x[0,T], (3.26)
respectively.

2) The compatibility condition for the function @y € WZ’Q(Q) from Assumption 3.1., 5) reduces to
nTVd, =0 Vazeon. (3.27)

The proofs of Theorem 3.3. and the Corollaries 3.4. and 3.5. will be given in the following subsection.

Remark. By a slight modification of the full iteration procedure from [ VENERONI 09 ], the uniqueness of the
weak solutions of (B)2 can be confirmed exclusively under the assumptions of Theorem 3.3. without reference
to Theorem 2.8. In the optimal control problems for the bidomain system analyzed in Part ITI, however, the
intracellular excitation I; is set zero for physiological reasons; consequently, Assumption 3.1., 6) implies I, €
W[ (0, T), L*(R)], which is continuously imbedded into C°[[0, T'], L*(Q)] ¢ L>[(0, T), L*(Q)] by
[ KuNiscH/WAGNER 11], p. 30, Theorem 4.5, and we arrive at the analytical situation of Corollary 3.4. from
the outset.

c) Proofs.
Before starting with the proof of Theorem 3.3., we establish the following two propositions.

Proposition 3.6. (Iterative definition of the entries for the bidomain system I) Let the assumptions
of Theorem, 3.3. hold. If a triple (D, Do, W) € (CO[[O, T], L* Q)] nL*[(0,T), W Q)] n L4(QT)> x
Lz[(O, T), W1’2(Q)] X CO[[O, T], Lz(Q)} forms a weak solution of the bidomain system (B)s on [0, T']

then the (weak or strong) solution W of the initial value problem (B)g, gat from Theorem 3.2. belongs to the
space C’l[(O7 T), LQ(Q)] N C’O[[O, T], LQ(Q)] and coincides with W.

Proof. In the case of the Rogers-McCulloch model and the FitzHugh-Nagumo model, the (weak or strong)

solution of (B)o,gat is given through
t ~
W(z,t) = Wo(z)e " +ere / Oy (z,7) e dT, (3.28)
0

cf. [WarcA 72], p. 192, Theorem I1.4.6., and (2.67) above. Obviously, this function admits the claimed
regularity. Since (3.28) is the uniquely determined weak solution of (§)07gat as well, the solution W of
(B)o,gat must agree with W, which is already known as a weak solution of (B)g, gqt- Consequently, W and

W agree even within the space Cl[(O, T), LQ(Q)] N C’O[[O, T], L2(Q)]. In the case of the linearized

Aliev-Panfilov model, the (weak or strong) solution of (E)O,gat reads as

W(z,t) = Wo(z)e ' +ere /0 ((a +1) By, 7) — B2 (x, 7')) e dr, (3.29)

and the same implications are true. m

Proposition 3.7. (Iterative definition of the entries for the bidomain system II) Let the assump-
tions of Theorem 3.3. hold. Consider a triple (D4, Do, W) € (CO ([0, T], LQ(Q)] nL? [(0,T), Wl’z(Q)} N
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L4(QT)) X LQ[(O, T), W1’2(Q)] X CO[[O, T), Lz(Q)], which forms on [0, T'] a weak solution of the
bidomain system (B)s with initial values g € W2’2(Q) and Wy € L™ (). Assume further that d,, is reqular

enough to ensure that Lign(®u, W(®4,)) belongs to L [(0,T), LQ(Q)], 1 < q < r. Then the solutions @,
b, of (ﬁ)O,par coincide with ®, and ®, within the space L* [(0,T), wh2(Q) B

Proof. The assumptions about &)tr guarantee the applicability of Theorem 3.2., 1). Consequently, the system

(B)o,par admits the uniquely determined solutions

®;, &, € LI[(0,T), W>*(Q)] with (3.30)
By = & — @, € WH[(0,T), L*Q)] n LI (0, T), W**()]. (3.31)

Since (E)O,pm« may be equivalently stated in an elliptic-parabolic form analogous to (B)1, the triple (®., D,
W) forms a weak solution of a system, which is identical with (B)s except for the replacement of I;y, (P4, W)
by Iwn(%mW(EI;tr)). Due to Proposition 3.6., we have W = W(E)tr) = W, and we obtain from (B)s and

(B)o,par:

{ % (Dur(t) — Du(t)), ) + i Vo M; (V( By (t) = Dir(t) ) + V(Do (t) — De(t) ) ) da (3.32)

+ /Q (Lion(@er(t), W (1)) — Lion(®4(t), W(t) ) tpda = 0 Ype WH(Q) =

( % (Du(t) — Du(t)), ) + /Q vy M; (V(Qfm(t) — D, (1)) + V(D (t) — Be(t)) ) dr =0  (3.33)
Vi e W)
/ VT MV (@, (t) — @tT(t))d;z:+/ VT (M; + M) V(P (t) — @(t)) dz = 0 (3.34)
Q Q
Vi e WH(Q) with / Y(x)dz =0;
Q
&4 (2,0) — Byp(2,0) = 0 and  W(z,0) — W(z,0) = 0(V)z € Q. (3.35)

Together with the difference of the gating equations, we arrive at a “homogeneous” bidomain system in the
variables (ZI;”— D), (‘5@ —®,) and (W—W) with the inhomogenities I; = I, = 0. Observe that Assumptions
2.2., 1), 2), 5) and 6) hold for the system (3.32) — (3.35) from the outset. With Fy, F», G; = 0 and g2 = 0,
Assumptions 2.2., 3 ) and 4) can be satisfied with p =2, ¢; =cs =c5 =0, ca =cs =cs =1, a0 = 0 = 1,
bp = 1 and ¢g = 0. Consequently, we may apply Theorem 2.3., 1) in order to get

%@r(t) — By (), )+ A(Dpy — By, ) = (So, ) Y e W Q) (V)tel0,T]; (3.36)
By(2,0) — Dp(2,0) = 0 (V)2 €Q (3.37)
where
(Solt). ¥} = - [ VOl @OM: Vv da, (3.38)
Q

—T
and ¥, (t) € W"*(Q) is the uniquely determined solution of the variational equation

/ Voo (M; + M) Vipdr = 0 Vi € WH(Q) with /@f(x,t) dz =0 (3.39)
Q Q
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for almost all ¢ € [0, T']. Consequently, wj = o0, and (So(t), ¥ ) = 0 for almost all ¢ € [0, T'] as well.
Inserting now into (3.36) the admissible test function 1) = @4 (t) — ®4.(t), we find with (2.31):

d

-t By (t) — Dyp(t), Dult) — Dpp(t)) + A(Bpp(t) — Piol(t), Brp(t) — Bil(t)) = 0 = (3.40)
%< By (t) — Dy(t), Dult) — Dp(t)) + A(Dp(t) — Pi(t), p(t) — Pi(t)) (3.41)
B B0 (t) — Bur(t) 20y = Bl Birlt) — Burlt) [120) =

EBo0) — Bu(t), Bult) — B(0)) + | Bart) — lt) oy < B Bu(t) ~ 0l 20y = (342
S Bunlt) — Burlt) ey < B Berlt) — Burlt) (3.43)

Application of the Gronwall inequality yields
~ 2 ~ 2
[ @er(t) = er(t) |12y < €271 @4r(0) = D4(0) || 2y = O, (3.44)

consequently, ®;.(t) and ®,,.(t) agree for almost all t € [0, T'] as W"*(€)-functions. Then (3.34) implies
together with the uniform ellipticity of (M; + M,) and the Poincaré inequality:

0= /Qv@e(t) — ()T (M; + M) V(Do (t) — Do (1)) dz = C|| De(t) — De(t) ||ivl,2(m, (3.45)

and @, (t), ®.(t) agree as W"?(Q)-functions almost everywhere as well. m

Proof of Theorem 3.3. Throughout the proof, C denotes a generical positive constant, which may appro-
priately change from line to line. C will never depend on the data ®y, Wy, I; and I. but possibly on 2 and
p = 4. The proof will be divided into three parts according to the underlying ionic current model. In order
to apply Theorem 3.2. and Propositions 3.6. and 3.7., we rename the given weak solution by (CT)W, :156, W)
and study the outcomes W = W(&;tr) and (P4, ®.) of Veneronis’ procedure.

Part A. The Rogers-McCulloch model.

e Step Al. The function ®, belongs even to the space L4[(O, T), LG(Q)]. We start with the following
estimate, which is taken from the proof of Theorem 2.5., cf. [NAGAIAH/KUNISCH/PLANK 09], p. 10, (33):

08 1= 2 !
ZENBurl) lyrgay < 2(84b0) 2O (0] @ [1Fa(qy + 1 Wo 320y + / co| Q| dr (3.46)

t t CQ
2 2 2 2
+ C/O ” Il(T) H(le(ﬂ))* dr + O/O || Ie(T) ”(Wl,z(Q))* dT) +co ‘ Q | + ﬁ (H Ii(t) HL2(Q) + H Ie(t) HL2(Q)) :
Due to Assumption 3.1., 6), the following may be derived from (3.46):

~ 4
18er) ooy < © (1214 11%0 320y + 1 Wo ooy + 1 a0y (wragen)”] (3.47)

2
+1 L ||iz[(07T)7 (wiz)] T IT:(8) 1720y + Il Te(2) Hizm))

< C (19241190 1120 + | Wo 320y + I T I3 (3.48)

0.7y, (wh2@))"]

4 4 4
Ll . T L) 2y + [ He(®) 20y ) =
L ) ()

[(0.7), (wh2@)"]

~ 4
[ ®@erllps 0,7y, wr2@y] < CT <|Q >+ 11 @0 720y + | Wo ll 72y + I T Hiz[ (3.49)

(0,7, (wh2@))"]
4

4 4
+ I L ”Lz[ 1[0, 1), 2] T I e HL‘*[(O,T),LQ(Q)} )

(O,T),(WI‘Q(Q))*} + ||Ii H
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Since the imbedding W"?(€) < L°(Q) is continuous, @, is contained in the space L* [(0,T), L°(Q) ]
e Step A2. The function Iion(&;tr, W) = Iion@)tr, W/) belongs to the space L4/3[(0, T), Lz(Q)].%) We

consider
~ — ~ —~ 2
i@l WO 20y = [ (Fen@ott). (e ) o
t
= /(b(ftr(%t,.—a) (En,—1)+e_stW0ZIV>tT+€ﬁe_5t<ft,./ Ef,g,(ﬂf,ﬂ)@”dﬂfdﬂ; (3.50)
Q R R Ot R )
<c/(q>§r a®) (B2 + 1) + | Wo |* 32 2/{2<I>%T(/ |<I>tr(x,19)|-|e“9|d19) )dx (3.51)
Q 0
C(/‘(f)tr|6d:c+/‘@tr|4dx+/|§>tr‘2dx (3.52)
Q Q Q
T
|Wo-<5t,.|2dx+e25T/<f>fr-</ |&>t,.(x,z9)|dz9)2dx) —
Q Q 0
| Fion (@), W (1) [ oty < (/‘5tr|6dx+/’(ftr\4dx+/g]<f>t,.}2dx (3.53)
Q Q 2
~ ~ T 2 2/3
+/‘WO-<I>W|2dx+/<I>§T~</ | B, 9) [d9) da )
Q Q 0
<C(/‘5tr‘6dx)2/3+C(1+/‘£Iv>tr]4dx+/‘£f>tr‘2dx (3.54)
Q Q Q
~ - T 2 2/3
+/|W0~<I>tr|2d:c+/<1>fr~(/ |®tr(x,19)’d19) d:z:)
Q Q 0
C(/‘5tr|6dx)2/3+0(1+/|§>tr|4dx+/|&>tr|2dx (3.55)
Q Q Q
~ |3 ~ T 2
+/|W0~q>tr| dx+/¢>§,.~(/ | Bu(w,0)[d0) dz) —
Q Q 0
~ 4/3 T ~ 4/3
HIz’on((btra )HL‘L/‘*[(O T), L2(Q)] = A HIion(@tr(t) ()) ||L2(Q) dt (356)
~ ~ 4 ~ 2
< C(1+ H‘I)tr||L4[ 0.7y, 28] I ®erllzs[ 0,7y, 22 ] 1 Per 22 0,7y, 22(00)] (3.57)

FIWo 2y 1 Fer 22 0,7y, 220 ] ) +C / /@‘;‘,mt /|%M |d19> d dt

c( +c// B2 (x,1)d (/ | B, ) }dﬁ) da (3.58)

C( +C/ | @ () ||L2(0,T) S KED HLI(O,T) dx (3.59)
Q

<o) +c/Q | @) 20,7 I Birle) g0,y 42 < C (o )+ CI Bl s2o.m)] - (3:60)
Due to the continuous imbeddings L*[(0,T), L°(Q)] — L*(Qr) = L*[Q,L*0,T)] — L'[Q,
L2( 0, T)] , all norms of the right-hand side are finite, and the claim has been proved.
e Step A3. The functions &)t,« = Py, 56 =&, and W=Ww belong to the spaces
@, e W[ (0, T), L2(Q)] n LY*[(0,T), W>*(Q)] N L*(Qr), 4<s<oo; (3.61)
o, e L*[[0,T), L*(Q)] n L**[(0,T), W>*(Q)]; (3.62)
Wec'[(0,T), L)) nC’[[0,T], L®(Q)]. (

26) Note that, from [BOURGAULT/COUDIERE/PIERRE 09], p. 471, Lemma 25, we only know that Ijon(®s(t), W (t))
belongs to L*?(£2) for almost all ¢ € [0, T'].
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In view of Step A2, we may apply Proposition 3.6., Theorem 3.2. and Proposmon 3.7. to the triple (<I>tr, <I>e,
) Consequently, the corresponding solution (®y,, ., W) of( )0,gar and ( )0,par coincides with (CIJtr, <I>E, W)

for almost all ¢t € (0, T') in the first and second component, and for all t € [0, T'] for the third component.

This proves the claimed regularity except the relation ®,. € L*(Q7), which will be derived from the Aubin-

Dubinskij lemmaz: 27)) Choosing Xo = W?(Q), X = C°(Q) and X; = L*(Q), we find that

df

dt

belongs to L°[(0,T), C*(Q)] ¢ L°(Qr) for all 1 < s < oco. Hereby the claimed regularity of W with

respect to the spatial variables is confirmed as well.

e Step A4. The function Iion(ém W) = Iion(im W) belongs even to the space LT[(O, T), Lz(Q)]. We

estimate

I Lion(@0r(6), W(0)) 1300y = /Q (Im@w(t),vv(t)))ﬁdx

o, e {feLl[(0,T), W @)] | = e L**[(0,T), L*(Q)] } (3.64)

~ o~ ~ - ~ t__ 6

_ / (b (B —a) (B~ 1)+ e Wo byt 2ne By / G, 0) e o) da (3.65)
Q

~ ~ 9 6

<C/<<I>6 (BS + a®) (D6, + 1) + | Wy |° B /|<1>th19 e |d19) )dx (3.66)
18 12
/|<I>tr dx+/|<I>tT dx+/]<I>tr} dx+/|Wo | @4 | da (3.67)
~ 6
/\cptr : /\@tr(:c,ﬁ)\-\ewydﬁ) dx) —
0
~ — 6 T
Hlian(q)tr(t)7w(t)) ||L6[(0,T),L6(Q)] = /O H zon(q)tT() W( )) ||L6(Q dt (368)
~ 18 ~ 12 ~ 6

< C (14180l + 18 2y + 1B llzo@y) (3.69)

~ T ~ T 6
+ 1 Wo ||(2°° Q)" | @er HiG(QT + c- / / ’ q)t'r(xat)‘ﬁ : (/ | Pyp(z, ) ’dﬁ> dx dt
0

= c( +C// | (e, t) | dt / | B, ) ]dz?) da (3.70)
= 0 () +C [ 18e@) 0,0y 1Bl 20,7 do (3.71)
~ 12
<0 () +0 [ 180@ lisco.r) 1800 o0,y do < C () +CU Bl [, 1500, 1)] BT
Since 4 < r < 6 and

| Zion(@er(t), W (1)) | (3.73)

< CllEan@e® WO o7 o ) 200y]

g C H Iion(EI;tr(t)v W(t))

L[ (0,7),L2(®)]

||L6[(0,T),L6(Q)] Y
the claim has been proved.

e Step A5. The functions <T>tr =&, Cie =®, and W=Ww belong to the spaces

$, e WH[(0,T), L] nL'[(0,T), W**(©Q)] n C°(Qr); (3.74)
®, € L*[[0,T), L Q)] nL'[(0,T), W**(Q)]; (3.75)
Wed'[(0,T), L] nC’[[0,T], L®(Q)]. (3.76)

2D [KUNISCH/WAGNER 11], p. 30, Theorem 4.6.
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In view of Step A4, Proposition 3.6., Theorem 3.2. and Proposition 3.7. may be applied again to the triple
(&)tr, %e, W), and the new solution (®y,, ., W) of (E)O,gat and (E)omar coincides again with the former one.
Using interpolation space arguments, the claim ®;,. € C’O(QT) follows from

@, € {feL[(0,T) ]|—6L[0,T),L2(Q)]},r>4 (3.77)

by repeating the arguments from [ VENERONI 09], p. 864 f.

Part B. The FitzHugh-Nagumo model.

e Step B1. The function ®,, belongs to the space L* [(0,T), L6(Q)}. This step is identical with Step Al.
e Step B2. The function Lipn(®u W) = Lign(®yy, W) belongs to the space L4/3[(0, T), LQ(Q)]. Let us

consider

@) W) a0y = [ (Tion@ilt). W(0) ) do

t
/(‘5”(&5”—@) (tﬁf)tr—l)—i-e*EtWo—l-sne*Et/ :Igtr(x,ﬂ)esﬂdﬂfdx (3.78)
0
c/ a®) (B2 + 1) + | Wo | + €2 K2 /|<I>trx19)| | fﬂdﬁ)z)dx (3.79)
/\%| dx+/\<1>tT\ dm+/|<I>tr‘ dx (3.80)
Q Q Q

2 2eT 2 1= 2
+/Q|W0| dx+e*TT /Q<T/o | @i, 9) [d9) " da )
T
< C(/‘&)tr|6dx+/‘(ftr|4da:+/|<f>tr‘2dx+/ {W0|2dx+/ l/ | ®ur(2,9) [*avdr ) (381)
Q Q Q Q QT 0

by application of Jensen’s integral inequality 2®) to the last member. It follows that

| @30 FO) [ty < € ([ |80 dat [ |0 dot [ |80 da (352)
@ = Q Q Q
T
+/|Wo|2dx+/ /‘Cftr(z,ﬁ)fd:vdﬂ)wg’
Q 0 Q
C(/‘@tr|6dx)2/3+0(1+/|§>tr|4dx+/|§>tr|2d:c (3.83)
Q Q Q
T
+/|Wo|2dx+/ /|<I>tr(x,19)|2d:l:d19)2/3
Q 0 Q
< C(/|<f>tr|6dx)2/3+0(1+/|§>tr|4dx+/|<f>tT|2dx (3.84)
Q Q Q
T
—I—/|W0|2dx+/ /]@T(x,ﬁ)lzdxdﬁ) —
Q 0 Q
~ ~ 4/3 T ~ —~ 4/3
H]z‘on((bt'r(t)7W( )) ||L4/3[(0 T), L2(Q)} = /0 ||Iwn(q)tr(t),W( )) ||L2(Q dt (385)

~ ~ 4 ~
< C(1+ H<1>tr||L4[(o,T),L6(Q>] @ llzs[o,7), L)) + ||‘I’WHL2[(0,T)7L2<Q)]

2 ~ 2
+ I Wo [z (o) + ||‘I’trHL2[(o,T),L2(Q)} )

%) [1oFrE/TICHOMIROW 79], p. 310.



Due to the continuous imbeddings L4[(O7 T), LG(Q)] — LYQr) = L4[Q, L*(0, T)] < L4[Q,
L*(0, T)], all norms of the right-hand side are finite, and the claim has been proved.

e Step B3. The functions (T)tr =&, &)e =&, and W=Ww belong to the spaces

o, e W0, T), L2(Q)] n LY*[(0,T), W>*(Q)] N L*(Qr), 4<s < oo; (3.86)
o, e L*[[0,T), L*(Q)] n L**[(0,T), W>*(Q)]; (3.87)
Wed'[(0,T), L] nC’[[0,T], L®(Q)]. (3.88)

This step is identical with Step A3.

e Step B4. The function Ii(m(&)m W) = [ion(ffm W) belongs even to the space LT[(O, T), L2(Q)]. In
analogy to Steps A4 and B2, we get

i@t WO @y = [ (Fan@urte). W10 ) o (359)

T
/|<I>tr d:c+/|i>tr d:v+/|<1>tr‘ dx+/ywo| dx+T6/ /|<T>tr(m7z9)|6d19dx> =
0

i@ ) 55 o,y 10y ] = @0 0 [
- 6 ~ 6
<C (1 + | @er ||L18(QT) + | @4 ||L12(QT) + | @4 ||L5(QT) + [ Wollpe@) + | <I>t7”||L6(QT)) . (3.90)

Since 4 < r < 6, (3.73) may be applied, and the claim has been proved.
e Step B5. The functions (I>tT =&, <I>e =&, and W=Ww belong to the spaces

O, e WH[(0,T), L] nL'[(0,T), W**()] n C°(Qr); (3.91)
®, € L*[[0,T), L Q)] nL'[(0,T), W**(Q)]; (3.92)
Wec'[(0,T), L)) nC’[[0,T], L®(Q)]. (3.93)

This step is identical with Step Ab5.

Part C. The linearized Aliev-Panfilov model.

e Step C1. The function B, belongs to the space L [(O, T), LG(Q) ] The proof of this claim is the same
as in Step Al.

e Step C2. The function Iion(;i;tra W) = Iion(&)tr, W) belongs to the space Y [(0 T),L (Q)} We will
consider

i@ e W) a0y = [ (Tion@e(t). W(0) ) o (394)

— /Q(b%“«(cfw—a) (D — 1)+ e Wy By + e &)tr/ot((a+1)<5tr(a:,z9)ED%T(I,ﬁ))eEﬁdﬂ)zdx
< c/(cifr(cig a2) (B2 + 1) + | W, > &2 (3.95)

Q
+52/@2;Iv>fr(/(Jt(’(a—i—l);f)tr(w,ﬁ)‘+’&>tr(x,19)’2) Je?]dn)) do
< c(/ﬂ\&)tr\ﬁdﬂ/ﬂ\&m\‘*dﬂ/sJzﬁtr\?dﬂ/ﬂ;Wo.itrfdx (3.96)
~ T ~ ~ 2

+62€T/Qq>§r.(/o (1€t )@, 9) | +| @) [ )0 ) de) =
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| i @u). W) ) < € ([ |80 dat [ |Bo|dos [ |8 o (3.97)
~ 9 ~ T ~ ~ 9 2 2/3
+/|WO~<I>W| dx+/<I>fr-(/ (1@+1) B, 9)|+ | Bu(e.9)|*) dv) du)
Q Q 0
C(/|§>tr|6dx>2/3+0(1+/|&>tr|4dx+/|5tT|2dx (3.98)
Q Q Q
~ 9 ~ T ~ ~ 9 2 2/3
+/\W0-c1>tr] dx+/<1>fr~(/ (l@+1) B, 9) |+ | Bi(e.0) ") dv ) do)
Q Q 0
C(/|<T>tr|6dx)2/3+0(1+/|&>tr|4daz+/|&>ﬂ|2d:¢ (3.99)
Q Q Q

+/Qyw0-&>tr\2dm+/96;.(/OT(ymH)&)tr(m,m+y&>”<x,0)¢2)dﬁ)2d:¢) N

~ 4/3 T ~ — 4/3
1 Zion(@ers W)l assT 0.0y z2y] = [ IHHion(@er(t) W) Il 2y dt
(0.7),2@] = J;

~ ~ 4 ~ 2
< C(1+ H‘I)tr||L4[(o,T),L6(Q)] F®@erllzs[ 0,7y, 2] T 1 e 22 0,7y, 22(00)] (3.100)

) ~ 2
+ | Wo Iz () - |l q)tr||L2[(o,T),L2(Q)] )

e / /qﬂ 1) /T<|(a—&-l)&)tr(x,ﬁ)’+‘&>tr(x,19)|2)d19)2dxdt

:c( +0// &2 (2, 1) dt - / [(a+1) @trxﬁ|d19+/ @%,(xﬁ)cw) dz (3.101)

<of. )+0/Q|| G0 520, 7 - (1B [0, + 1 Bare) 2007 ) (3.102)
~ 2 ~ 2 ~ 4

<cf. )+O/Q|| G0 320, - (1 B0r) 12002 + 1 Bure) g0 ) (3.103)
4 ~ 6

< C( )+C(||‘I)tr||L4[Q,L2(0,T)]+||‘I>tr||L6[Q,L2(0,T)])' (3.104)

From Step A2, we know that the first and second member on the right-hand side are finite. Due to
[ KuNiscH/WAGNER 11], p. 30, Proposition 4.3., the imbeddings L*[ (0, '), L°(Q) ] — L°[Q, L*(0, T)]
— L6[Q, L2( 0, T)] are continuous, and by Step C1, the third member is finite as well.

e Step C3. The functions &Jtr =&y, 5@ = ®, and W=Ww belong to the spaces

o, e W [(0,T), L2(Q)] n LY*[(0,T), W>*(Q)] N L*(Qr), 4<s < oo; (3.105)
o, e L*[[0,T), L*(Q)] n L**[(0,T), W>*(Q)]; (3.106)
Wec'[(0,T), L%®)] nc’[[0,T], L7(Q)]. (3.107)

This step is identical with Step A3.
e Step C4. The function Il-on(EIv)tr, W) = Iion(EIv)tT,W) belongs even to the space LT[(O, T), LQ(Q)}. We

estimate

| @30T O) 500y = [ (Tionl@r(t). W2 ) (3.108)

Q

-~ o~ ~ ~ ~ t ~ ~ 6
_ / (b@tr(qm — ) (B — 1) + e Wy By + e e %/ ((a +1) By, 9) — @?Ax,ﬁ)) eV dﬁ) dz
Q 0
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<C/Q@?T@?ﬁaﬁ)@?ﬁl)ﬂﬂfo ° @f, (3.109)
~ t ~ ~ 6
+<1>§T(/0 (1@t 1) B, 0) | + | Beo(ar, ) [*) - 7 [0 ) ) i
< C(/Ifftrllgdx+/|<T>tr|12dz+/y%tr\ﬁdz+/|wo|6~|5”}6dx (3.110)
Q Q Q Q
~ T ~ ~ 6
+/yq>”|6.(/ (la+ D)@, 0)| + | (e, 9)|*) [T [d0) dz) =
Q 0
~ — 6 T ~ — 6
I Zion(@er(8), WD) 5 [ (0. 7) , 50 ] :/0 | Tion(®r(£), W (t)) || 1o o) dt

~ 18 ~ 12 ~ 6 6 ~ 6
<C (1 [ Perll sy + 1 Perll 12y + 11 er [l o) + [ Wo ll o () - |l ‘I)trHLﬁ(QT)) (3.111)

T " 6 T " T _ 6
+C./ /y%(x,m (/ |(a+1)<I>tr(33,19)‘d19+/ @fr(x,ﬁ)dﬁ) dz dt
0 Q 0 0

T 6 T _ T _ 6
_ c(...)+0// | B, 1) | dt-(/ |(a+1)@tr(x,19)|d19+/ @fr(a:,ﬂ)dﬂ) dz  (3.112)
QJ0 0 0
~ 6 ~ 6 ~ 12
<c(.) +c/ﬂ 180 (@) o0, 7y - (186 llz2 0,7 + I Ber@) 20, 1) ) deo (3.113)
- 6 ~ 6 ~ 12
< () +C [ 18 0,7y (180@) oo, + 1 8@ 10 7)) do (3.114)
~ 12 ~ 18
<C( )+ (18nlela,o0,m)] + 18w ls[a,00.0)] ) (3.115)

Since 4 < r < 6 and (3.73), the claim has been proved.
e Step C5. The functions &)tr = ®y,., 56 =®, and W=w belong to the spaces

@, e WH[(0,T), L] nL'[(0,T), W**(©Q)] n C°(Qr); (3.116)
®, € L*[[0,T), L] nL'[(0,T), W**(Q)]; (3.117)
Wec[(0,T), L=®)] nc’[[0,T], L7(Q)]. (3.118)

Again this step is identical with Step A5.

Let us finally note that the regularity (3.19) — (3.21) of a weak solution (@, ®., W) of (B)s allows for partial
integration within all terms where V1) is occuring and is, at the same time, consistent with Definition 2.1.,
1). Consequently, (®4., ., W) forms a strong solution of (B); and (B)g as well, and the proof of Theorem
3.3. is complete. m

Proof of Corollary 3.4. Under the assumptions of the Corollary, (B)2 possesses a uniquely determined
weak solution (@4, P, W) on [0, T'] by Theorem 2.8. By Theorem 3.3., this solution admits the regularity
described in (3.19) — (3.21) and is, in fact, a strong solution of (B)g and (B);. m

Proof of Corollary 3.5. 1) By Theorem 3.3., any weak solution of (B)y is in fact a strong solution
of (B)y and (B); with @, ®&. € L"[(0,T), W>*(Q)] at least. By Assumption 3.1., 1), the bound-
ary of Q is Cl’l, and by Assumption 3.1., 2), the entries of M; and M, are Lipschitz continuous. Since
the eigenvalues Mg ;(-) and Ape(-), 1 < k < 3, depend Lipschitz-continuously on the matrix elements
(cf. [SCHABACK/WENDLAND 05], p. 270, Corollary 15.4.), the functions are continuous on cl (€2). Now the
assertion follows from [ BOURGAULT/COUDIERE/PIERRE 09 ], p. 462, Lemma 1.
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2) Under the assumptions above the compatibility condition for ®; reduces to nT M, V®y = 0 on 99 after
[ VENERONI 09 ], p. 854, Remark 3. By Part 1, this condition may be further reduced to the claimed form. m
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