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A discretization method

for the numerical solution of Dieudonné-Rashevsky type problems

with application to edge detection within noisy image data

Lucas Franek, Marzena Franek, Helmut Maurer and Marcus Wagner

1. Introduction.

The present paper is concerned with the numerical solution of multidimensional control problems of the

following type:

(P): Fle,u) = /Q f(s,2(5).

61‘1
6781(3)
Ju(s) = o
Ty

851

(s)

ueU={ueL’(QR")|u(s) G (V)s€Q}.

u(s))ds — Min!; (z,u) € Wé’p(Q,R”) x LP(Q,R"™); (1.1)
Ss)
: = B(s)u(s) (V)seQ; (1.2)
O0xy,
95, )
(1.3)

Problems of this kind, referred as Dieudonné-Rashevsky type problems, are connected with the study of
BVP’s for nonlinear first-order PDE’s, °Y) they arise from optimization problems for convex bodies under
geometrical restrictions, %2 in elasticity theory (torsion problems) 93) and population dynamics (models with
comprehension of an age structure). 04) Recently, problems from image processing have been studied under
consideration of gradient constraints as well (see below).

Although Dieudonné-Rashevsky type problems have been as yet less intensely investigated than optimal
control problems with second-order PDE’s, %) necessary optimality conditions as well as duality theorems
have been derived in the linear-convex case (with state equations Jx(s) — u(s) = 0 resp. Jz(s) — A(s) z(s) —
B(s)u(s) = 0).°9) A numerical approach, however, has been first proposed in the context of applications from
image processing as a direct method: °”) the problem (P) will be first discretized, and the arising large-scale
finite-dimensional problems will be numerically solved by interior-point methods. In the present paper, we
first prove a convergence theorem for this discretization method (Section 2). By use of the global minimizers

of the discretized problems, we construct a minimizing sequence { (Zn,uy)} of admissible solutions of (P)

DACOROGNA/MARCELLINI 97 ], [ DACOROGNA/MARCELLINI 98] and [ DACOROGNA/MARCELLINI 99] .

[

[ ANDREJEWA /KLOTZLER 84A] and [ ANDREJEWA/KLOTZLER 84B], p. 149 f.

[FUNK 62], pp. 531 ff., [LUR'E 75], pp. 240 fI., [TING 69A], p. 531 f., [TING 69B] and [ WAGNER 96|, pp. 76 ff.
[ BROKATE 85], [ FEICHTINGER/TRAGLER/VELIOV 03].

See e. g. [TROLTZSCH 05].

The corresponding theory has been developed substantially by KLOTZLER, PICKENHAIN and WAGNER, cf. the biblio-
graphy in [ WAGNER 09], pp. 545 and 548.
[BRUNE/MAURER/WAGNER 09], [FRANEK 07A], [FRANEK 07B]. The only precursor is [ DEWESS/HELBIG 95]
where a transportation flow problem as the dual problem to a Dieudonné-Rashevsky type problem has been solved
by methods of combinatorial optimization.
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with | F(Zy,uny) — m| < Con where m and on denote the minimal value of (P) and the mesh size of
the triangulation in the discretized problem, respectively. Within this minimizing sequence, there exists a
subsequence, which converges uniformly w. r. to x and LP-weakly (1 < p < o0) w. 1. to u.

In Section 3, we present an application of our optimal control method to a basic problem from image
processing, namely to the problem of edge detection within noisy image data. There are numerous situations
where the introduction of gradient constraints into problems of image processing is highly reasonable. In the
according reformulation of the image denoising problem and the optical flow problem, the optimal control
approach allows a simultaneous edge determination as the subregions of €2 where the control restriction
becomes (nearly) active.%®) In the Shape from Shading problem, the solutions of the underlying first-order
PDE (Horn’s equation) obey from the outset a convex gradient constraint, which has to be considered
explicitly after the variational reformulation of the problem, thus converting the resulting multidimensional
variational problem into an optimal control problem of type (P). 09) In the elastic image registration problem,
where a correspondence between a template and a reference image is searched as an elastic deformation x,
the incorporation of gradient constraints ensures the validity of the underlying elasticity model since the
derivatives of x correspond with the shear stresses which should remain bounded in the linear-elastic as well
as in the hyperelastic case. 0

Our choice for the study of the problem of edge detection within noisy image has different motivations.
Firstly, the application of our newly proposed method to a well-examined problem is desirable for methodical
reasons. Indeed, the problem of edge detection has been accessed by a number of different approaches. If
considered as a generalization of the classical image denoising problem, it has been solved by variational
methods (see Section 3.b) below), 1) but in the context of image segmentation, it has been treated by level-
set methods ' and graph-theoretical methods ') as well. Our second purpose is to perform a visual as well
as a quantitative comparison of the results from the optimal control approach with the output of other
methods. In the present paper, we focus to the comparison with edge sketches generated by EDISON, a well-
introduced non-variational method, !4 as well as by a state-of-art variational method, the edge detection via
Ambrosio-Tortorelli type functional. The reference to variational methods is particularly advisable since the
optimal control formulation appears as their natural generalization. We may summarize that the quality of
the results given by our optimal control method competes well with those given by the two selected reference
methods. When applied to noisy data, the optimal control method exceeds the Ambrosio-Tortorelli method
in quality in all cases, and in some cases even the sketches generated by EDISON (see Sections 3.e) and 3.f)
below). In comparison with the Ambrosio-Tortorelli method, the optimal control approach provides some
advantages even with respect to implementation and runtime behaviour.

A third purpose is to work out the optimal control approach as a “building block” for the treatment of
situations where the edge detection within noisy image data must be embedded as a subtask into a more
comprehensive problem. In this respect, we refer particularly to the problem of multimodal image matching.

Here the registration of the images has to be performed in absence of a greyscale value correspondence,

[BRUNE/MAURER/WAGNER 09], [ WAGNER 06 ], pp. 108 ff., [ WAGNER 09], pp. 558 ff.

See [ WAGNER 09], pp. 564 fI., and the references cited therein.

[WAGNER 08], pp. 26 ff., [ WAGNER 10].

Cf. the overviews in [ AUBERT/KORNPROBST 06 ], pp. 65 fI., and [ BuaDES/COLL/MOREL 05] .

[ AUBERT/KORNPROBST 06], pp. 173 ff., [ CHAN/ESEDOGLU/NIKOLOVA 06], [ CHAN/VESE 01].
[FELZENSZWALB/HUTTENLOCHER 04] and [ SHI/MALIK 00].

Cf. [MEER/GEORGESCU 01]. The program is accessible via http://www.caip.rutgers.edu/riul/research/code/
EDISON /edison_binary.zip (last access: 21.12.2009).
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consequently, the matching must be based exclusively on the geometrical information contained in the images,

which will be represented as gradient or edge information, respectively. %)

Notations.

Assume that Q@ C R™ is the closure of a bounded strongly Lipschitz domain. Then c* (©2,R") denotes the
space of r-dimensional vector functions f:  — R", whose components are continuous (k = 0) resp. k-times
continuously differentiable (k = 1, ..., 00). L”(Q,R") denotes the space of r-dimensional vector functions
f: Q@ — R" with components, which are integrable in the pth power (1 < p < o) resp. are measurable
and essentially bounded (p = 00). W(l)"p (2, R") denotes the Sobolev space of compactly supported L” (€2, R")
(vector) functions f: © — R, whose components possess first-order weak partial derivatives in L”(Q,R)
(1 <p< o). Wé’oo(Q,IRr) is understood as the Sobolev space of all r-vector functions f: @ — R" with
Lipschitz continuous components and zero boundary values. '®) Jz denotes the Jacobi matrix of the vector
function x € Wé’p(Q, R"). The diameter of a set 2 C R™ is defined as Diam (Q) =sup { |2’ — 2" | | 2/, 2" €
Q} while | Q| denotes the m-dimensional Lebesgue measure of €. The abbreviation “(V)t € A” has to be
read as “for almost all s € A” resp. “for all s € A except a Lebesgue null set”. Finally, the symbol o denotes,

depending on the context, the zero element of the underlying space.

2. Convergence of a discretization method for (P).

a) Discretization of the problem (P).

We specify the basic assumptions about the problem (P) as follows: Let n > 1, m =2 and 1 < p < co. We
choose a rectangular domain Q € R? with edge lengths a, b € IN, a > b > 0. The integrand f(s, £, v): QX
R" x R"*? — R is measurable and essentially bounded w. r. to s and continuously differentiable w. r. to all
& and v;;. For all s € Q, B(s) is the (n,n)-unit matrix, and G C R"*? is the norm body

n 2
G={veR" | X ¥ |v;|<R?} (2.1)

i=1 j=1

with ¢ € IN, ¢ > 1. From these assumptions, we derive immediately the existence of a feasible solution (the
pair (o, 0)). For any admissible pair (x,u), the restriction Jx(s) € G (V) s € Q implies = € W(l)’p(Q,]R") N
W(l)’Oo (©,R™). As a consequence, = possesses a Lipschitz continuous representative even in the case 1 < p < m.
If ¢, denotes the constant of equivalence between the 2- and g-norm in R? then all components z; have the
Lipschitz constant C1 = R/c¢q.

Let now K = L = 2V, We construct a triangulation of € by first introducing a grid of (K x L) rectangles
Qi with edge lengths a/2" and b/2" and splitting then every rectangle along the principal diagonal into
triangles A} ; = A(sy 1, 158, 1,8,,) and Ay, = A(sy_;; 1.8,;,8,_1,). Thus we arrive at a regular
triangulation 7y '7) with vertices si,; and mesh size oy = Va2 + b2 /2N, For every triangle, its interior
angles ¥ obey sin? > sindg = b/v/ a2+ b2 > 0.'®) The space of all piecewise affine functions with zero

Cf. [DroSKE/RUMPF 04], [ FAUGERAS/HERMOSILLO 04] and [ HABER/MODERSITZKI 07].
[EVANS/GARIEPY 92], p. 131, Theorem 5.
We adopt the terminology from [ GOERING /R00S/TOBISKA 93], pp. 28 and 40, (Z1) — (Z4), and p. 138, (Z5).

Consequently, the sequence { 7 } of the triangulations satisfies the Zldmal condition, cf. [ CIARLET 87], pp. 124
and 130.



boundary values on 9, which are adapted to the triangulation 7y, will be denoted by X{. Then we may

restrict the problem (P) in the following way:

(P)n: F(z,u) / f(s,2(s),u(s))ds — Min!; (z,u) € (Wé’p(Q,]R”) N X(J)V) x LP(Q,R™?); (2.2)
Jz(s) = (V) s € Q; (2.3)
u :{ve]R"X2 | le\wq 1) (V)se Q. (2.4)

For the admissible pairs (x,u) in (P)y, it holds that

floa()u(e)ds = [ Flsals)uls)ds + [ flsals).uls) ds
Q1 ALy A
Il(Sk,l—l) —Il(Sk—l,l—l) Il(Skl) —Il(Sk,l—l)
(a/2V) (b/2%)
k.l Tn(Ski-1) — Tn(Sk—1,4-1) Tn(Sk1) — Tn(Ski-1)
(a/2N) (b/2%)
r1(sk1) —21(Sk—1,0)  T1(Sk-1,) — T1(Sk—1,0-1)
(a/2N) (b/2%)
+/ f(s, (s), : : ) ds.
[ Tn(Sk1) — Tn(Sk—11) Tn(Sk—1,1) — Tn(Sk—1,1—-1)
(a/2N) (b/2%)
Using the abbreviation x;(sk,;) = 51(3, we obtain as the discretized problem related to (P)y:
jod 1 n s n,4 1 ab
O): PN o, €0 o, o) = .28
1,1 1,2 1 1,3 1,4
K L fk—l,z—l Ul(cl ) I(cl ) fl(cl) ”li,z ) vl(c,z )
2 (e | SN DS ICA I P B D))
=1 Il=1 n n,l n,2 n n,3 n,4
51(%)1,171 Ul(cl ) l(cl ) 51(@1) Uli ) Ul(c,z )
— Min!; ( ((),18, . %I)Lﬂ 5111), e U%l’f)) e RMEFDEIAD) o RA"KEL .

v(z,1) 518;71_ l(clzl,lfl (i,2) fl(clg l(cl;gfl 1 i<n. 1<k<K. 1<I<L

g %) C T Ty SIS SRS ASIS
(4,3) fl(;}_ 1(21,1_ (i,4) 1211 fk 1,0—1 . .
Vg 7W, Vg fW,lgzgn,lgkgK,lglgL,
_fl(\v,ﬁf! + o )gRQ,lgkgK,lgsz;

Zi(|v;f;3)|q i) < BT 1<ESK, 1<ISL

(2.11)

(2.12)
(2.13)

(2.14)

In consequence of the possible discontinuity of the control variables within (P)y, the number of the cor-

responding discretization variables in (D)y has been doubled. For the same reason, the classical two-

dimensional Newton-Cotes cubature formula'? had to be modified.

19 Cf. [MAESS 88], p. 238 f.



b) Existence of global minimizers for the problems (P), (P)y and (D)y.

Theorem 2.1. (Global minimizers for (P) and (P)y) Consider the problem (P) under the assumptions
of Section 2.a). Assume further that the integrand f(s,&,v) is convex as a function of v for almost all s € Q
and all £ € R"™, and a growth condition

| f(s,&0) | < puls) + @2(l€], [v]) (V)s€Q V(6v) ER"XG (2.15)

with o1 € L' (L R), ¢1(s) =0 (V)s € Q and 2 € C°(R" x G, R), po(€], |v]) =0V (&) € R" x G is
satisfied where s is a monotonically increasing function in |£| as well as in |v|.

1)%% Then (P) admits a global minimizer (&,).

2) Every problem (P)n, N € N, admits a global minimizer (Zn,4N).

Proof. 2) Although the feasible domain is restricted to (W7 (2, R") N X' ) x LP(Q, R™*?), the arguments
from [ PICKENHAIN/WAGNER 00 ], pp. 222 — 224, and [ DACOROGNA 08], p. 378, Theorem 8.8., remain valid.

Theorem 2.2. Under the assumptions of Theorem 2.1., every problem (D)n, N € NN, admits a global
minimaizer ( A((),lg, . A%t)L, 0&1), . ﬁg?f) )

Proof. The feasible domain of (D) is nonempty, convex and compact since the equations (2.11) — (2.12)
(4,4) () _ @) (1) _ () _

k.l

for v and the assignment £, , = &§,; = &§,; = {x’; = 0 at the boundary vertices imply the boundedness

of the variables f,(:% as well. The objective F is continuous w. 1. to all variables; consequently, it takes its
global minimum on the feasible domain. m
c) A convergence theorem for the discretization method.

Theorem 2.3. (Convergence of the discretization method for (P)) Consider the problems (P), (P)n
and (D) N under the assumptions of Theorem 2.1. Let 1 < p < oo and assume further that 4Cy on/sindy < 1
as well as 8nCy (1+ C1)9 oy /sindy < 1 with C1 = R/cy.

1) (Relations between (P) and (P)x ) Let N € IN. For all global minimizers (,4) of (P) and (Zn,0n)
of (P)n, the inequality

F({)AL’IAJ,) < F(fN,ﬂN) < F(i‘,’&) + Cyon (216)

holds with a constant Cy > 0, which does not depend on N € IN. Moreover, every sequence { (Zn,tun)} of
global minimizers of (P)n contains a subsequence { (Zn+,Un)} with

| @n =& || coqpny = 0 and (Gn' =) = 0pp(q rox2) (2.17)
where (Z,4) is a global minimizer of (P), and the entire sequence satisfies

| F(in,an) — F(2,4) ]| — 0. (2.18)

2) (Relations between (P) and (D)x ) Let N € IN. Assume that for all feasible solutions (z,u) of (P)n
and all indices 1 < k < K, 1< 1< L the conditions

| f(s,2(5),u(s)) = f(sk—1,1-1,2(s),u(s)) | < C3-on (V)s€ A}, and (2.19)
| £(s,2(s),u(s)) = f(ska,2(s),u(s)) | < Cs-on (V)5 €AY, (2.20)

20) [BRUNE/MAURER/WAGNER 09], p. 1195, Theorem 3.1.



21)

22)

hold. Consider a global minimizer (&,9) of (D)n and the related feasible solution (Zn,uy) of (P)n defined
by

Fnalsna) = &), 1<i<n, 0<k<K,0<I<L. (2.21)
Then for all global minimizers (&,4) of (P), the inequality
F(j,ﬂ) < F(%N,a]\[) < F(i‘,ﬁ) + Cion (2.22)

holds with a constant Cy > 0, which does not depend on N € IN. Moreover, the sequence { (Zn,un)} contains

a subsequence { (Tn+,un) } with
|| TN — HC’O(Q,]R") — 0 and (ﬂN/ — fL) — 0P (Q,R"%2) (223)
where (Z,4) is a global minimizer of (P), and the entire sequence satisfies

| F(@n, i) — F(2, )

—0. (2.24)

Remarks. 1. The additional assumption in Part 2) of the theorem reflects the fact that the integrand f is

only a measurable and essentially bounded function of s.

2. If (P) admits an uniquely determined global minimizer then the convergence relations (2.17) and (2.23)
hold for the entire sequences { (&n,an) } resp. { (Tn,un) }, since, in consequence of (2.18) and (2.24), all

weakly convergent subsequences possess the same limit element. 2

3. Both inequalities for Cy, o and 9y are required in order to ensure the relations (2.33) and (2.34) below.
Proof. The proof will be divided into seven steps.

e Step 1. C™ -approzimation of a global minimizer of (P). From Theorem 2.1., we know that (P) possesses
a global minimizer (Z,4) € Wé’oo(Q, R™) x L™(Q,R™*?). We rely to the following approximation theorem:

Theorem 2.4.2%) Assume that Q C R™ is the closure of a bounded strongly Lipschitz domain, G C R"™
is a convex, compact set with o € int (G) and & € W(lJ’DO(Q,]R") is a function with Ji(s) € G for almost all
s € Q. Then & can be approzimated by a sequence of functions zN € Cy (L, R™) with the following properties:

1) A}inoo [ _iHcO(Q,R”) =0, (2.25)
2) th | TN = J& || 1 g pnmy = 0, (2.26)
3) J2N(s) € G for all s € Q. (2.27)

Consequently, in relation to & we may choose a function z € C¢°(Q, R"*?) with

HZ_QEHCO(Q,JR%) + H Jz—Ji LiQRrrx2) S ON (2.28)

and Jz(s) € G for all s € Q. The Lipschitz constant of the components of z amounts to C; = R/c, as well,

and the zero boundary conditions for & and z imply

. . Cy ) )
T |C°(Q,]R) < Oy -Diam () = 5 v a?2+b2 and || % ||C°(Q,]R) < ¢y -Diam (), 1 <i<n. (2.29)

[ GAJEWSKI/GROGER/ZACHARIAS 74], p. 10, Lemma 5.4.
[WAGNER 99], p. 2, Theorem 1.5., with S(s) = G, ' = 9Q and ¢ = o.



23)

e Step 2. Piecewise affine approximation of z. We approximate z by that continuous, piecewise affine

function y € XV, which coincides with z in all vertices of the the triangulation 7. Let us first note that

19i llcomy < |l % llcogpry < C1-Diam(Q), 1<i < n. (2.30)

Moreover, the following inequalities hold:

Lemma 2.5.2% Let a function z € C°(Q,R"*?) with Lipschitz constant Cy > 0 for all components be
given. Then for 1 < i < n, the following estimates hold:

32
ZZ(S) - yz(s) ‘ <C1-Cs-0n with Cs =6+ sin ; (2.31)
_ < Cle = . .
D, s Bs; (s)‘ < C1-Cg-on with Cg S0 oy (2.32)

From Lemma 2.5. we conclude that, for all sufficiently large N € N, every pair ((1—D)y, (1—D) Jy) with
0<D=2nC(1+C)" " 'Coon < 1 (2.33)
is admissible in (P)y. To see this, we enlarge N until
C1-Co-on < 1 (2.34)

is satisfied. Then it follows that

Oy (5) "1 < (’ 02 (s) ‘ N dy; (5) — 02 (s) ‘ )q

6Sj aS]‘ aSj aSj
0% a 9=l /q 0z k| Oy, 0z; q—k
= a5, T & (k) ds; IR 95, ")~ s, ®)| (2.35)
0z q Oy; 0z =l /q 0z ki
< _ . . .19 2.
0s; (S)‘ 0s; () 0s; (S)‘ = (k 0s; (S)‘ (2.36)
Oz , |4 y; 0z; ! (q k 1q—Fk
< — . . .14 )
</ ()] + 50 ()~ 5y (s)‘ = (k LF1 (2.37)
821‘ q 1
< \88}(5) Lo+ Cooy = (2.38)
J
noZ | 9y 4 -1
> z‘ (s)( <R+ 200,(1+C) 0 Coon = (2.39)
i=1 =11 0s;
no 2| 9y q -1
1-D) % 3|3 (s)‘ < (1-D)R? + 2nCy (1+C)"  Coon . (2.40)
i=1 j=1"!08j
From the requirement
(1-D)R? +2nCy (14+C1)T ' Coon < RY, (2.41)
we obtain
D =2nC(14+C)" ' Coopn (2.42)

[WAGNER 03], p. 41, Lemma 0.1. and 0.2., modified from [ EKELAND/TEMAM 99], p. 309, Proposition 2.1.



as well as

zi(s)f(lfD)yi(s)‘ <0 -Cson +D-

yi(s) |
< (0105 + 2nC} (1+Cl)q_106~01 Dlam(Q)) oy = Cron; (243)

yi

9z (8)‘<01'CG'UN+D‘8Sj(S)‘

8Sj

y;
BSJ‘

(s)—(1-D)
< (0106+2n01(1+01)q_106~R)'0'N:Cgo‘N. (244)

Now we define y = (1 — D)y and w = (1 — D) Jy.

e Step 3. Estimation of the objective values in (P) and (P)x. From the assumed differentiability of the
integrand f(s,&,v) w. r. to & and v;;, we obtain together with (2.29):

[F.80) = fs.& )| < Max  |Vef(s.&0)]) ¢ —¢"

(s,&,v)EQXAXG
=Co-|€—¢"| (MseQVE, " €AVveG; (245)
| f(5,6,0)) — f(s,6,0")] < ( Max !va(87§70)|)‘|’0l—’0”|
(5,6,V) EQXAXG
=Cp- [V =0"| (V)s€eQVEEA VU, 0" €G. (246)

Here A C R™ denotes the closed ball with center o and radius (C; - Diam (£2) ) while the vector V,, f(s,§,v)

has been assembled from the columns of the Jacobi matrix with entries 0f(s,§,v)/0v;;. It follows that
F(#,4) < F(in,in) < F(y,0) < F(&,0) + |F(z,J2) = F(&,4)| + | F(y,w) — F(z,Jz) | (2.47)

< F(2,4) + /Q( | f(s,2(s), Jz(s)) — f(s,i(s),Jz(s))‘ + ’f(s,:%(s),Jz(s)) — f(s,2(s),4(s)) ‘ ) ds

< F(2,4) + /

Q(cg | 2(5) = #(s) | + Cho | J2(s) — ils) y) ds

+/Q(Cglgj(s)—z(s)’ + C’m’@(s)—Jz(s)’)ds (2.49)
< F(#,4) + (|Q|09\/ﬁ+ CioV2Zn + [Q|Cr Cy v/ + |Q|08010\/%) oN. (2.50)

The first and the second member have been estimated by use of (2.28); the third and the fourth one by use
of (2.43) and (2.44).

e Step 4. Analysis of the sequence { (Zn,tuy) } . For every N € IN, we choose a global minimizer (2, @y) of
(P)n. All pairs (&y,%y) are feasible in (P) as well, and by Step 3, the sequence { (in,in)}, W(l)’p(Q7
R") x LP(Q,R™*?) is a minimizing sequence for (P). Due to (1.3) and (2.29), the feasible domain of
(P) is bounded. Consequently, { (Zn,4n)} admits a weakly convergent subsequence whose limit (&, )
is feasible in (P) as well (this holds in analogy to [WAGNER 96], p. 60, Lemma 4.2-10). Since &y €
W(l)’p(Q,]R") N W(l)’oo(Q,IR”) for all N € IN, we may assume that p > 2, and from the Rellich-Kondrachev
embedding theorem 2% we get the existence of a subsequence with uniform convergence w. r. to . The proof

of Part 1) is complete.

24 [ ApAMS/FOURNIER 07], p. 168, Theorem 6.3.



e Step 5. Relations between feasible solutions of (P)y and (D)y. The proof of Part 2) starts with the

following

Lemma 2.6. Consider the problems (P)n and (D)n under the assumptions of Theorem 2.1. Assume further

that the conditions

| £(s.2()u(s)) = F(siorior,a(s),u(s)) | < Co-on (V)s€ Ay, and (2.51)

| £(s.2(), u(s)) = F(siarx(s),u(s)) | < Cs-on (V)s € A, (2.52)

hold for all feasible solutions (z,u) of (P)n and all indices 1 < k < K, 1 <1< L. Then for every feasible

solution (z,u) of (P)n there exists a feasible solution ( ((Ll()), s %)L’ vsl’l), e v&?j’é)) of (D)n with
|F(x,u) — ﬁ(f&lg, e ;?}L, vfl’l), . vg?f)) ’ < Ci1-on. (2.53)
. . 1) (n)  (1,1) (n,4) ) . i
Conversely, for every feasible solution ({070, . fK,L, Vi g, s VR ) of (D)n there exists a feasible so

lution (z,u) of (P)n with

|ﬁ(€((),137 e g?,)L’ Ugil)) R U&?,’Iil)) - F(x,u) ’ < Cll *ON - (254)

Proof. Let a feasible solution (x,u) of (P)x be given. The objective in (P)x may be represented as

Pla) = 5 ([ sl u)ds + [ flsia(s)uls)ds ). (2.55)
k=11=1 \Ja Ay,
With the setting
&) = 2i(s,,,), 1<i<n, 0Sk<K, 0<I<L; (2.56)
Ul(ci,’ll) _ mi(sk,l—lza_/;]\i[()sk—l,l—l); I(Cz;,lz) _ xi(sk,z)(b;2x]$§5k,z_1)7 1<i<n, 1<k<K.1<I<L:
UI(C@;,I?,) _ xi(sk,zza/;jé()sk—1,l) : Ul(cif) _ :Ei(Sk_1,1(b/;C;v()sk—1,l—1) l<i<n, 1<k<K.1<l<L,
we obtain a feasible solution (5(()713, . %)L, vgil), . vﬁgf) ) of (D)n, and the difference of the objectives

can be estimated as follows:

~ 1 n 1,1 n,4
‘F(m,u)—F(&(})g, s §<,)L7v§,1)7‘-‘7U§<,L))‘
1,1 1,2 1,1 1,2
K L Ul(c,l ) vl(c,l ) l(c,l ) Ul(c,l )
<y ([ e | ) = fleeena, 2] s
k=1 1=1 , n,1 n,2) n,1 n,2
H Ul(c,l ) Ul(c,l Ul(c,l ) Ul(c,l )
1,1 1,2 1 1,1 1,2
z1(s) ”l(c,z ) I(c,l ) 1&21,171 Ul(c,l ) Ul(c,l )
+ / f(sk—1,1-1, : ; : : ) = f(Sk—1,-1, : , : : ) ’ds
A’ (n,1) (n,2) (n) (n,1) (n,2)

kl €T S
n(s) Vk,1 Vk,1 k—1,1—1 Vg Vg1
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o3, 13 (1)
Uk 1 Ukz Vg Ukz
+ / f(s; z(s), ) = f(snp 2(s), ) ‘ds
n n,3 n,4 n,3 n,
. Ul(cl ) Ul(cl ) v,(” ) v,(%l 4
1,3 1,4 1 13 14
1(s) Ul(cl ) I(cl ) ,(”) Ul(c,l ) v,(ﬁl )
* / UC A E ) = flsen | 2 )| : ) fas) s
. Zn(s) U;(gnz 2 UI(:zA) o vy v;(cnl Y

1
z1(s) — l(cf)l,lfl

M

K
< 23 (A Caow + AL Co- |

|

k=1 i=1 n
Tn(s) — kf)l,lfl
1
r1(s) — &)
+ | Zz"C%'UN-F’AZl"Cs)" D (2.58)
Tals) = &7
< (l9]-¢s+Q]-Co-Crevn-2)-ox = Crion. (2.59)
‘ . . (1) () (1,1 (n,4) . -
Conversely, to every feasible solution (&g, -, £, v1, 1 ;s vy ) of (D), we may relate immediately

a feasible solution (z,u) of (P)y defined by x;(sg;) = §kl ,1<i<n 0<k<K,0<!<L. Then for the
objective values, the same estimate as above holds. =

e Step 6. Estimation of the objective values of (P) and (D). We consider a global minimizer (f(()’lg, e A&?’)L,

@fil), e, 0 4)) of (D)n and the related feasible solution (Zn,un) of (P)n defined by Ty ,(sk1) = é,(;}
and U ;;(s ) = 0=n,(s)/0s;. Further, let (&,4) be a global minimizer of (P) and (&n,4n) a global mini-
mizer of (P)x. By (§,v) we denote those feasible solution of (D)x, which is defined in analogy to (2.56) by

51(;3 = iN,i(Sk,l) Then from Part 1) and Lemma 2.6. it follows that

F(2,4) < F(én,in) < F@@n,un) < F(£,0) + Ciion < F(&v) + Crion
< F(&n,an) + 2Chony < F(&,a) + (Co+2C1y) -ony = F(2,4) + Cyony. (2.60)

e Step 7. Analysis of the sequence { (Z,,uy) }. All pairs (Zy,uy) are feasible in (P), and from (2.60) we
may conclude that { (Zx,un)}, WP (Q,R") x LP(Q,R™*?) forms a minimizing sequence in (P) as well.
The existence of a subsequence with the claimed properties can be ensured as in Step 4, and the proof of

Part 2) is complete. m

Corollary 2.7. (Maximum norm restrictions for the control) Let 1 < p < oo and consider again the
problems (P), (P)ny and (D)n under the assumptions of Theorem 2.1. If the norm body (2.1) in (P) and
(P)n is replaced by

G={veR” | Max Max |v;|< R} (2.61)

1<i<n j=1,2

and the restrictions (2.13) and (2.14) in (D)n are replaced accordingly by

Max (|”k ll)‘ |”k 12)| |Uk 53)| |”k 14)|) (2.62)

1<i<n

then Theorems 2.1., 2.2. and 2.3. remain true for the modified problems (in Theorem 2.3., one has to choose

nowCy =2 R).

Proof. The proofs of Theorems 2.1. and 2.2. remain unchanged since they do not depend of the particular

structure of the convex body G. In the proof of Theorem 2.3., the only change concerns the estimates in
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Step 2 after Lemma 2.5. Instead of (2.35) —(2.44), it holds that

- < .
e ()] < . ()| + 50 )~ 5y (s)] < . ()| + C1Con < R+ CiCon = (263)
Oy R Ayi
M < - M < R. 2.64
i,?x‘ Sj(S)‘ Bt Cilooy = R+CiCson i?X 553‘(8)‘ i (2.64)
Defining now D € (0, 1) by
1-D I D C1Cs oN, (2.65)

T R+C Cson T R+C,Cson

we may replace (2.43) and (2.44) by

a(s) = (1= D)yi(s)| < Cr-Coon + D [i(s) |
<O Cs + %.W.Crmm(m < (0105+Clc6 .Cy-Diam (@) ) -on = Croy;  (2.66)
T = (1= D) ()| < 1 Co-on + 1| ()|
< (0106 + %-M.R <20, Cson = Cson, (2.67)

and the proof may be completed as above. m

Remark. Note that the inequalities (2.33) and (2.34) have not been used in the proof of Corollary 2.7.

3. Application to the problem of edge detection within noisy image data.

a) The image denoising problem.

Since our approach for edge detection within noisy image data is closely connected with the classical image
denoising procedure by variational methods, we start this section with a short introduction into the image
denoising problem. In the following, we describe greyscale images through at least measurable functions x
resp. I defined on a rectangle ¢ R? with values in [0, 1]. The commonly used model for the capture of

an original scene is the equation
I(s) =8(z(s)) + N(s) (3.1)

where x: Q — [0, 1] is an “ideal” image of the scene, the systematical errors (e. g. blur) are described by

an operator S, and N (s) is a noise term. 2>) The formal solution of (3.1),
w(s) = S7H(I(s)) = STHN(s)), (3-2)

however, leads to an ill-posed problem. Since the 90s, in generalization of the “scale-space” approach where
the noisy image data I(s) are subjected to a smoothing diffusion process,?%) the image denoising problem
has been extensively treated by variational methods. The objectives within these problems minimize the

defect S ( x(s) ) — I(s) together with a regularization term involving the first generalized partial derivatives

25 Cf. [ AUBERT/KORNPROBST 06], pp. 68 ff., and [ CHAMBOLLE 00], pp. 7 ff.

26) [ AUBERT/KORNPROBST 06], pp. 94 ff., [PERONA/MALIK 90], [ WEICKERT 96], pp. 2 — 18.
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of z. For the diffusion methods, one must assume = € 02(9, R) whereas the variational problems can be
formulated within Sobolev spaces Wl’p(Q,]R) resp. the space BV (Q,R)27) of the functions of bounded
variation. 2®) The original scenes z, however, in general even do not belong to BV (Q, R), the most capacious
of the mentioned spaces. ??) It must be emphasized that, for this reason, all methods proposed as yet are
based on a compromise: instead of the original scene x, one searches for a representative with a prescribed
grade of additional smoothness (“image smoothing”). In the following, we assume that S(z(s)) = z(s), and
the variational problem will be formulated within the Sobolev space Wé’p (Q,R):

(V)M F(:v)z/g(:v(s)—](s))zds —l—u-/ﬂf(\Vx(s)Uds — Min!; =€ WHP(Q,R) (3.3)

with 1 <p<oo, I € L(Q,R), 0 < I(s) <1 (V)s €, a regularization parameter 1 > 0 and an integrand
fe C’Q(]R, R), which obeys an appropriate growth condition.

An important goal in image denoising/image smoothing is to conserve as far as possible the edge structure
within the image data.??) For this purpose, the use of an anisotropic regularization term is advisable.?!) In
the following, we choose

/Q v/ | Va(s) |2 +n? ds. (3.4)

For sufficiently small values i > 0, this term may be understood as an approximation for the L resp. total
variation norm of Vz but avoids its main disadvantages since the integrand in (3.4) is differentiable in o and
produces a reduced staircasing effect.

b) Edge detection within noisy image data by variational and optimal control methods.

Since MUMFORD/SHAH’s introduction of a functional including a measure for the total “length” of the edges
within the given image data,®?) many efforts have been spent in the development of variational methods
performing simultaneously both tasks of image restoration and edge detection. The commonly pursued
strategy is to replace the cost functional in (V)() by a reasonable approximation for the Mumford-Shah
functional, namely by a functional of so-called Ambrosio-Tortorelli type. 33 Besides the denoised image z,
this functional depends on an additional variable e as a “sketch” for the edges with e(s) = 0 resp. e(s) ~ 1,
depending on whether the point s € Q belongs to an edge within x or not. We obtain the following rather

complicated variational problem:

V)@ Fla,k) = 01(5)-/9(m(s) ~I(s))%ds + CQ(E)./QW:E(S) 17 (e(s)* + ca(e) ) ds (3.5)

+63(8)-/Q(E-|Ve(s)|2+i-(e(s)—l)Q)ds—>Min!; (x,e)EWé’p(Q,IR) X Wé’Q(Q,IR)

Cf. [EvaNs/GARIEPY 92], pp. 166 fI.

For the treatment of image denoising problems within the space BV (Q,R), we refer e. g. to [AUJOL/AUBERT/
BLANC-FERAUD/CHAMBOLLE 05], [CHAMBOLLE 00], [CHAMBOLLE/LIONS 97], [HINTERBERGER/HINTERMUL-
LER/KUNISCH/OEHSEN/SCHERZER 03], [ OSHER/BURGER/GOLDFARB/XU/YIN 05] and the seminal paper [ RUDIN/
OSHER/FATEMI 92].

This conclusion will be suggested by [ GOUSSEAU/MOREL 01].

Here again, the inherent compromise within Sobolev space methods comes forward: “The theory seems to adopt again
what it tried to avoid.” ([CATTE/L1oNS/MOREL/CoOLL 92], p. 183).

See [ AUBERT/KORNPROBST 06], pp. 70 — 72.
[ MUMFORD/SHAH 89], cf. also [ AUBERT/KORNPROBST 06], pp. 153 ff.

The approximation properties of the functional (3.5) have been studied in [ AMBROSIO/TORTORELLI 92], p. 111, and
[BELLETTINI/CoOscCIA 94 ], p. 205, (2.1). See also [ AUBERT/KORNPROBST 06], pp. 166 — 173.
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with image data I as above, ¢ > 0 and weights ¢;(¢) > 0, 1 < 4 < 4. Within the objective, the first term is
the classical fidelity term. The second one replaces the regularization term in (V)™ and realizes a coupling
between x and e, which favors values e(s) &~ 0 in points s € Q with large magnitudes of Vz(s). Within
the third term, the first member effects a quadratical regularization of e while the second member enforces
e(s) =~ 1 except a subset of Q of small measure. The interpretation of e as an edge detector is heuristically
clear and may be rigorously justified by proving the T-convergence of the solutions of (V) towards a
solution of a variational problem with an Mumford-Shah type objective. 3%

As an alternative to the study of (V)(?), however, we may add convex restrictions for V to the problem (V)™
thus converting the original variational problem into a multidimensional control problem of Dieudonné-

Rashevsky type. Under comprehension of the regularization term (3.4), this problem reads as follows:

. T,u) = z(s) — I(s)) ds . u1(8)2 + us(s)? 2 ds — Min!; .
®)0: Pl = [ (a0~ 16))ds + g1+ [ Jur()? #2472 ds — Min! (3.6)
(z,u) € WEP(Q,R) x LP(Q,R?); (3.7)
_ ([ w(s) .
Va(s) (uQ(s) (V)s € Q; (3.8)
uelU = {uELp(Q,IRQ) ’ lui(s)]? + Juz(s)|? < RT (V)s€Q}. (3.9)

Here we assume 1 <p<oo, 1 <g<oo, 4>0,17>0, R>0and I as above. Note that, in consequence of
(3.9), the feasible domain of (P)™®) lies in fact in W™ (Q, R) x L>(Q, R?). The edge detector e is immediately

constructed from the control variables u; and us, e. g. 3%
e(s):1—i(}u(s)|“+|u(s)|") (3.10)
R 1 2 . .

Together with (P)™), we consider the control problem (P)?), which is identical but (3.9) is replaced by
uelU={ue LP(Q,R?) | Max (|ui(s) |, [ua(s)|) < R (V)s€Q}, (3.11)
and the edge detector e is given by
e(s) =1— % Max (|ui(s) |, [ua(s)]) - (3.12)

In these optimal control reformulations of the problem, we interpret as “edges” those subsets of 2 where the
control restriction becomes nearly active.

For (P)") and (P)®), the assumptions of Theorem 2.1. are satisfied: Since 0 < I(s) < 1 for all s € Q it
follows that

fls,60) = (€—1(5))° + pyf v} + 03 + 12
— [ f(s,&0)| < E€+20&] + py/ o2 +n?, (3.13)

and the growth condition holds with ¢1(s) =0 and @o( ||, |v]) = €2 +2[&]+uy/|v]2+72.

[ BELLETTINI/COSCIA 94], p. 205 f., Theorem 2.1., for p = 2.
Cf. [FRANEK 07A], p. 65.
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¢) Numerical solution of the discretized control problem.

In the present paper, we pursue the second approach and solve the image denoising problem with simultaneous

edge detection as a multidimensional control problem, applying the discretization method from Section 2

o (P)®) and (P)®?). We choose a = b = 2V 36 and decompose Q = [0, 2V ]? into (K x L) pixels Qi

with edge length 1 and northeastern vertex sy (consequently, K = L = 2%V ). Then the mesh size amounts

to on = v/2/2, and the noisy image data I(s) are given as a pixelwise constant function. For this reason,

the assumptions (2.19) — (2.20) of Theorem 2.3., 3) are satisfied with C3 = 0, and we may assume that
s) | Qi1 =1I(sky), 1 <k <K, 1<I< L. Consequently, we state the following discretized problem:

1 ~ 1 11 1,4 1 ab K & 1 2 1 2
(D)gv): F( %1)7 ) §<)La Ugl )7 S ’UE(L)) = 9 47.1@21 121(( I(c—)l,l—l _I(Sk,l)) + (51(61) _I(Sk,z))
+u\/ 11) (12>)2+n2 n u\/(vﬁig))2+(v(14)) + 2 ) — Min!; (3.14)
( ((),13, . gfL, v&’l), o vg”i)) e REFDLAL) o RAKL. (3.15)
0= ¢l = o; G =& =0, 1<k<K, 1<I<L; (3.16)
(1,1) fl(cll) 1 I(cl)ll 1 (1,2) (1) §Icl 1
1) _ Skilzl Sk—li-l = 2 0T 1 <k< K, 1<I<L; 3.17
@y T 10
(1,3) I(cll)_ l(cl)ll (1,4) I(cl)ll_ I(cl)ll 1
8) _ kil k-1 = o o 1<k K, 1<ILL; 1
T Ty o ORI (319
ok "+ [l | < B 1<k <K, <UL (319
o™ |" 4+ [ | < BR7, 1<k <K, 1<I<L. (3.20)

As the discretization of the edge detector, we obtain

)

1
e(ski) = 1— =2 'Max(‘vz(iil) [+ o |

= ol |+ o0 7). (3.21)

Accordingly, in (D)S\Q,) as the dicretization of (P)®), (3.19) and (3.20) will be replaced by

oV < R, ol | < R, oY | < R oY SR ISKRSK, 1<ISL, (3.22)
and the edge detector (3.12) will be discretized as
e(ske) =1 R - Max ( | Ukl Y | kl ? E |"Uk1 i | kl Y |) (3.23)

The evaluation of the necessary optimality conditions (Karush-Kuhn-Tucker conditions) for (D)s\}) results in

a large-scale system of nonlinear equations and inequalities, which may be solved with high precision and
efficiency by interior point methods. As input/output platform, MATLAB has been used while the discretized
problem has been formulated with the aid of the modelling language AMPL 37 and then transferred to the

We use N = 7 in the experiments with the Lena, Peppers and Cameraman images and N = 9 in the experiments
with the Lighthouse image.

AMPL is a commercially distributed modelling language, which allows for the description of large-scale optimization
problems, the interaction with a solver and a further processing of the output data. Cf. [ FOURER/GAY/KERNIGHAN
03].
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interior-point solver IPOPT. 3®) The results have been represented, evaluated and archived with MATLAB
again.

d) Image data and evaluation of the results.

For our numerical experiments, we used segments I of some well-known test images (Lena,3?) Peppers, 4°)

Cameraman *V) ) with K = L = 128 with or without artificial addition of white noise *?) (Figs. 3.1. and 3.17.,
3.21. and 3.25., 3.29. and 3.33.) as well as the Lighthouse image*® with K = L = 512 (Fig. 3.37.). The
quality of the image restoration = will be evaluated by the SNR indicator
) K—3 L—3 5
/(w(s)—[(s)) ds oy (:Ekl—I(skl))
) ~ —10log,, (=12 ) (3.24)

K-3

SNR (z,I) = —10logy, ( N L3 2
/Q:E(S) s k§4 lgﬁ(xkl>

together with the relative error of the reconstruction = with respect to the original image & 4%
) K-—3 L3 R 5
[ (alo) = i) ds 17 ST (rwa— )\ 12
N . Q N | k=4 1=4
Erer (2,2) = 100 ( ) ~ 100 ( - ) . (3.25)

/Qaf;(s)2 ds kZ::4 l;(i'(skl)>2

For the quantitative evaluation of the edge sketches e, however, the literature does not provide a generally
accepted criterion as yet. For this reason, we propose the following error measure IEE (“intensity edge

error”): 45)
) K-3 L-3 )
/ (e(s) —é(s)) ds\ 1/2 > (e(sk) —e(sm))” \ 1/2
IEE (e,é) = 100 - ( 0 ) ~ 100 - ( = ) (3.26)
é(s)*ds 3 (é(Sk-z))2
@ k=4 i=4

with reference to the “ideal” edge sketches é (Figs. 3.2., 3.22., 3.30. and 3.38.), which have been obtained
by application of EDISON, a non-variational standard method for edge detection, to the (noiseless) original
image data. The parameters within EDISON have been chosen in accordance with [ MEER/GEORGESCU 01],
p. 1361, Fig. 10 (c), where the application of the algorithm to the Cameraman image has been documented. 4¢)

In all cases, a margin of 3 pixels width has been excluded from the evaluation.

Cf. [LAIRD/WACHTER 09] and [ WACHTER/BIEGLER 06 | . The experiments have been performed with version 3.6.1.,
compiled with the MA27 routine.

Accessible via http://www.dcs.qmul.ac.uk/~phao/CIP/Images/Lena.tif (last access: 16.02.2009).

Accessible via http://www.dcs.qmul.ac.uk/~phao/CIP /Images/Peppers.tif (last access: 16.02.2009).

Accessible via http://vip.cs.utsa.edu/classes/cs6723f2001 /lectures/images/cameraman.tif (last access: 16.02.2009).
In all cases with standard deviation zero and variance o = 0.01.

Accessible via http://www.hlevkin.com/TestImages/lighthouse.bmp (last access: 16.02.2009).

This error measure may be interpreted as well in terms of a “method noise”, cf. [BuADES/COLL/MOREL 05],
pp. 492 ff.

Cf. [BRUNE/MAURER/WAGNER 09], p. 1199, Definition 4.2.

The following parameters have been used: Fig. 3.2.: grad win. 3; min. length 10; nonmaxima suppr.: arc /0.7 /0.5;
hysteresis thresh. low: arc /0.7 /0.8; hysteresis thresh. high: box /0.93 /0.93. Fig. 3.22.: grad win. 3; min. length
10; nonmaxima suppr.: arc /0.7 /0.5; hysteresis thresh. low: arc /0.7 /0.8; hysteresis thresh. high: box/0.9/0.9.
Figs. 3.30. and 3.38.: grad win. 2; min. length 10; nonmaxima suppr.: arc /0.7 / 0.5; hysteresis thresh. low: arc /0.7 /
0.8; hysteresis thresh. high: box /0.9 /0.9.
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e) Numerical results.

In Figs. 3.3. — 3.20., we present our results for the Lena image. In a first series (Figs. 3.3. — 3.16.), we show
experiments with the original Lena image from Fig. 3.1. In order to compare our optimal control approach
with the Ambrosio-Tortorelli method, the variational problem (V)(?) has been solved first (Figs. 3.3. and
3.4.).47) In Figs. 3.5. — 3.12., the solutions for the multidimensional control problem (P)() are depicted. Here
we take p = ¢ = 2, u = 0.05 and vary the parameter R. Then we solve (P)?) with p = 2 and p = 0.1 and
show again results for different values of R (Figs. 3.13. — 3.16.). The second series has been calculated with
the noisy Lena image from Fig. 3.17. We present three edge sketches: the first one generated by EDISON
(using the same parameters as in Fig. 3.2.), the second one calculated with the Ambrosio-Tortorelli method,
and the third one a typical result obtained by the optimal control method.

For the Peppers and the Cameraman image, the edge sketches for the original and noisy images generated by
EDISON (Figs. 3.22. and 3.26, 3.30. and 3.34.) and the Ambrosio-Tortorelli method (Figs. 3.23. and 3.27.,
3.31. and 3.35.) will be shown together with one typical result of the optimal control method in each case
(Figs. 3.24. and 3.28., 3.32. and 3.36.) (p = ¢ = 2).

The Lighthouse image has been selected in order to show exemplarily how the transition from structure to
texture will be reflected in the output of the optimal control method. For this purpose, we present two edge
sketches for original image (Figs. 3.39. and 3.40.) calculated with the optimal control method based on the

problems (P)M) and (P)® with p = ¢ = 2, respectively.

Left: Segment & of the original Lena image.
Right: Reference edge sketch é for the ori-
ginal Lena image, generated with EDISON.

Fig. 3.1. Fig. 3.2.

Variational problem (V)® for the original
Lena image.
Left: Restored image x.
Right: Edge sketch e.
p=2,e=0.125, c1(g) = 800, c2(g) = 30,
c3(e) = 0.2, ca(e) =0,
{  IEE(ee) =289651,
By (2, %) = 0.1679,
SNR (z,%) = 55.4932.

Fig. 3.3. Fig. 3.4.

47) " Analogously to [BOURDIN 99], a direct method has been applied to (V)@ as well.
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Fig. 3.10.

Fig. 3.12.
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Control problem (P)® for the original Le-
na image.

Left: Restored image x.

Right: Edge sketch e.

©=10.05,n7=0.003, R =0.35,

IEE (e, &) = 29.4748,

Epe (x,3) = 5.3760,

SNR (z, %) = 25.3714.

Control problem (P)*) for the original Le-
na image.

Left: Restored image x.

Right: Edge sketch e.

w=0.05, n=0.003, R =0.25,

IEF (e, &) = 28.8554,

Eyei (z,2) = 5.4930,

SNR (z, &) = 25.1812.

Control problem (P)™) for the original Le-
na image.

Left: Restored image x.

Right: Edge sketch e.

©=0.05, 7 =0.003, R = 0.20,

IEE (e, &) = 29.5749,

E e (xz,2) = 5.6808,

SNR (z, &) = 24.8835.

Control problem (P)® for the original Le-
na image.

Left: Restored image x.

Right: Edge sketch e.

©=10.05, 7=0.005 R =0.15,

IEE (e, &) = 33.2925,

Ee; (z,2) = 6.6966,

SNR (z,%) = 23.4163.



18

Fig. 3.19.

/4

Control problem (P)® for the original Le-
na image.

Left: Restored image x.

Right: Edge sketch e.

©=0.1, n =0.005, R =0.275,

IEE (e, &) = 26.8231,

Epe (x,3) = 6.2591,

SNR (z, %) = 24.0272.

Control problem (P)® for the original Le-
na image.

Left: Restored image x.

Right: Edge sketch e.

u=0.1, n =0.005, R=0.15,

IEF (e, &) = 30.9092,

Eye (z,%) = 7.1298,

SNR (z, &) = 22.8532.

Left: Segment & of the noisy Lena image.
Right: Edge sketch e for the noisy Lena
image, generated with EDISON (parame-
ters as in Fig. 3.2.).

Left: Variational problem (V)®: edge
sketch e for the noisy Lena image (resto-
red image = not shown).

p=2,e=0.5 ci(e) =5, ca2(e) = 10,

c3(e) = 0.3, ca(e) = 0.01

IEE (e, &) = 30.0624,

Ere (z,2) =9.7103, SNR (z, %) = 18.5300.
Right: Control problem (P)® for the noisy
Lena image: edge sketch e (restored image
2 not shown).

= 0.40, n = 0.005, R = 0.25,

IEFE (e, &) = 28.4887,

Epep (z,2) = 9.9958, SNR (z, %) = 14.0717.
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Fig. 3.27.

Fig. 3.28.

Left: Segment & of the original Peppers
image.

Right: Reference edge sketch é for the ori-
ginal Peppers image, generated with EDI-
SON.

Left: Variational problem (V)® for the ori-
ginal Peppers image: edge sketch e (resto-
red image = not shown).

p=2,e=0.125, c1(e) = 800, c2(g) = 30,
C3(8) = 0.5, 04(8) = 0,

IEEFE (e, &) = 28.4906,

Eye; (z,2) = 0.2310, SNR (z, &) = 52.7222.
Right: Control problem (P)* for the origi-
nal Peppers image: edge sketch e (restored
image z not shown).

©=0.05, n =0.003, R = 0.25,

IEF (e, &) = 28.6631,

Eye; (z,2) = 8.0746, SNR (z, &) = 21.7975.

Left: Noisy Peppers image.

Right: Edge sketch e for the noisy Peppers
image, generated with EDISON (parame-
ters as in Fig. 3.22.).

Left: Variational problem (V)®): edge
sketch e for the noisy Peppers image (re-
stored image = not shown).

p=2,e=0.5,ci(e) =3, ca(e) = 10,

c3(e) = 0.2, ca(e) =0,

IEE (e, &) = 30.5241,

Ere (z,2) =9.8737, SNR (z,%) = 16.9203.
Right: Control problem (P)) for the noisy
Peppers image: edge sketch e (restored ima-
ge x not shown).

©=0.15,n7=0.003, R = 0.25,

IEFE (e, ) = 28.9618,

Ee; (z,2) = 9.8851, SNR (z, %) = 14.3100.
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Left: Segment & of the original Camera-
man image.

Right: Reference edge sketch é for the ori-
ginal Cameraman image, generated with
EDISON.

Left: Variational problem (V)® for the ori-
ginal Cameraman image: edge sketch e (re-

Fig. 3.29.

stored image = not shown).
p=2,e=0.125, c1(g) = 800, c2(e) = 10,
03(8) = 0.4, C4(8) = 0.017

IEFE (e, e) = 27.4784,

Eye (z,2) = 0.1317, SNR (z, %) = 57.6020.
Right: Control problem (P)® for the origi-
nal Cameraman image: edge sketch e (re-
stored image = not shown).

p=0.17, 71 =0.015, R = 0.425,

IEFE (e, &) = 27.6191,

Ere (xz,%) = 16.3432, SNR (z, %) = 15.4916.

Fig. 3.31. Fig. 3.32.

Left: Noisy Cameraman image.
Right: Edge sketch for the noisy Camera-

{ifﬁ\__ man image, generated with EDISON (pa-

% Wr}f rameters as in Fig. 3.30.).
& E‘I}

Fig. 3.33. Fig. 3.34. Left: Variational problem (V)®: edge
sketch e for the noisy Cameraman image

(restored image x not shown).
p=2,e=0.25 ci(e) =5, c2(e) = 10,

c3(e) = 0.5, ca(e) =0,

IEE (e, &) = 29.9350,

Ere (z,2) = 16.3001, SNR (z,3) = 15.1594.
Right: Control problem (P)® for the noisy
Cameraman image: edge sketch e (restored
image x not shown).

1 =0.17,1=0.012, R = 0.4,

IEFE (e, &) = 27.8413,

Ere (z,2) = 17.4697, SNR (z,3) = 12.0828.

Fig. 3.35. Fig. 3.36.
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Fig. 3.37. Fig. 3.38.

Left: Original Lighthouse image .
Right: Reference edge sketch é for the original Lighthouse image, generated with EDISON.
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Fig. 3.39. Fig. 3.40.

Left: Control problem (P)(l) for the original Lighthouse image: edge sketch e generated with
@ =0.05, n =0.005, R = 0.30,

IEE (e, &) = 25.9636, E,¢; (z,%) = 11.5812, SNR (z,%) = 18.6371.

Right: Control problem (P)(z) for the original Lighthouse image: edge sketch e generated with
u=0.11, 7 =0.01, R = 0.275,

IEE (e,e) = 24.4521, E,¢; (x,%) = 12.4732, SNR (z,%) = 17.9665.
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f) Discussion of the results.

A wvisual comparison of the results must take into account that a non-variational edge detection method
like EDISON generates a binary sketch with edges of constant width while the output produced by the
Ambrosio-Tortorelli as well as by the optimal control method is a greyscale image showing edges of different
width and intensity. If one wishes to use the edge sketch as a representation of the geometrical information
contained in the image, the second class of methods is clearly preferable.

The comparison between the variational and optimal control method shows that the edge sketches supplied by
the optimal control method look somewhat clearer than those generated by the Ambrosio-Tortorelli method,
which has a tendency to produce minute grainy items. Both methods are able to resolve fine details, e. g. the
fringe at the margin of the hat in the Lena image and the white lever in the center of the Cameraman
image. *8) Particularly in application to the noisy images, the optimal control method shows a moderate
staircasing effect (which will be stronger in (P)®) than in (P)("), compare Fig. 3.12. with Fig. 3.16.). Further,
the optimal control method tends to suppress small details and texture elements automatically, while non-
variational methods like EDISON must perform some postprocessing steps in order to achieve the same goal.
The experiments with the Lighthouse image (Figs. 3.39. and 3.40.) provide a closer insight into the different
recognization of structures and textures (e. g. the lawn in the foreground, the timber wall and the fence)
by the optimal control method. As one may expect from the choice of the regularization term, the restored
versions of the images provided by the optimal control method look somewhat cartoon-like.

In order to perform a quantitative comparison, the best IEE values obtained by the respective methods when

applied to noisy data have been collected in the following table.

Lena (Fig. 3.17.) Peppers (Fig. 3.25.) Cameraman (Fig. 3.33.)
EDISON | 30.0912 (Fig. 3.18.) | 28.4475 (Fig. 3.26.) | 26.6190 (Fig. 3.34.)
(V)@ 30.0624 (Fig. 3.19.) | 30.5241 (Fig. 3.27) | 29.9350 (Fig. 3.35.)
(P)m 29.2798 (not shown) | 28.9618 (Fig. 3.28.) | 28.9875 (not shown)
(P)® 28.4887 (Fig. 3.20.) | 27.9649 (not shown) | 27.8413 (Fig. 3.36.)

At a single glance, one realizes that the results of the three methods are in a comparable range. A closer
inspection reveals a trend of increasing quality of edge detection in the order (V) — (P)) — (P)®) which
will be supported by the experiments with the original images as well. It comes as a little surprise that, for
two of the three test images, the optimal control method provides even better results than the EDISON
edge generator. For the noisy images, the SNR and F,; values produced by the variational and the optimal
control method are comparable as well.

With respect to the wvariation of R within the optimal control method, the best results both with respect
to the visual comparison as well as for the IEE criterion have been obtained for R & 0.3. In many respects,
the sharpness R of the control restriction behaves like an additional regularization parameter. If the value
of R is selected too small then “overcrowded” edge sketches develop (Figs. 3.12. und 3.16.). Although the
assumptions of the convergence theorem for (P)(*) (Theorem 2.3.) are only satisfied for

1 V3-Vv2
27 2V2

reasonable results have been obtained even for R € [0.11, 0.4]. For the Lena image, an enlargement of R

R < Min( ) = 0.112372... , (3.27)

beyond 0.35 results in “bleached out” edge sketches quite similar to Fig. 3.6. (not depicted).

48) Compare with [ CHAN/ESEDOGLU/NIKOLOVA 06], p. 1645 f., Figs. 7 and 9, where this detail cannot be seen.
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A drawback shared by all investigated methods is the necessity for the empirical determination of the para-
meters within the objectives. In the optimal control approach, however, we must deal essentially with the
two parameters p and R (since p, ¢ and n may be reasonably fixed in advance), while the Ambrosio-Tortorelli
method and EDISON involve the simultaneous adaptation of five or eight parameters, respectively.

To close with a few remarks concerning compatibility, implementation and runtime behaviour, let us note
first that, in the non-variational method, the edge detection is always performed as a separate step, possibly
followed by additional postprocessing steps. In contrast, the variational as well as the optimal control method
allow to combine the edge detection with further optimization goals. In comparison with the Ambrosio-
Tortorelli method, the optimal control method has the advantage that only half the number of variables must
be implemented, replacing the control variables Ul(iil)7 e U,SIA) by finite differences according to (3.17) and
(3.18). For large image data (e. g. the Lighthouse image with N = 512), this fact results in a considerable
speedup. Even for N = 128 and noisy image data, the optimal control method runs definitely faster than the
variational method. Consequently, if edge detection is to be integrated as a subtask into a more comprehensive

problem, e. g. multimodal image registration, the optimal control method should be preferred.

g) Conclusion.

We may summarize that the three presented edge detection methods supply results of comparable quali-
ty. Consequently, our experiments demonstrate that the treatment of the image denoising problem with
simultaneous edge detection as a multidimensional control problem offers a real alternative to the existing

variational methods and even to the application of non-variational edge detectors.
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