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1. Introduction.

The present paper is concerned with the numerical solution of multidimensional control problems of the

following type:

(P): Fla,u) = / £(s,(5),

89;‘1

U(S)) ds — inf!; (;(;, u) c Wé’p(Q7 ]Rn) % LP(Q, an) :

(1.1)
81'1

8751(8) E(é’)

Jx(s) = 5 : 5 : = B(s)u(s) (V)s e Q; (1.2)
28, ) 95, )

ueU={ue L’ (QR")|u(s) eK (V)s€Q}. (1.3)

Problems of this kind, referred as Dieudonné-Rashevsky type problems, are connected with the study of
BVP’s for nonlinear first-order PDE’s, °Y) they arise from optimization problems for convex bodies under
geometrical restrictions, %2 in elasticity theory (torsion problems) 93) and population dynamics (models with
comprehension of an age structure). 04) Recently, problems from image processing have been studied under
consideration of gradient constraints as well. %°)

Although Dieudonné-Rashevsky type problems have been as yet less intensely investigated than optimal
control problems with second-order PDE’s, %) necessary optimality conditions as well as duality theorems
have been derived in the linear-convex case (with state equations Jx(s) — u(s) = 0 resp. Jx(s) — A(s) z(s) —
B(s)u(s) = 0).°7 A numerical approach, however, has been proposed first in the context of the applications
from image processing as a direct method:%®) the problem (P) will be discretized first, and the arising
large-scale finite-dimensional problems will be numerically solved by interior-point methods.

In the present paper, we prove first a convergence theorem for this discretization method (Section 2). By
use of the global minimizers of the discretized problems, we construct a minimizing sequence { (Zn,un) }
of admissible solutions of (P) with | F(Zxn,ux) — m| < Con (m and oy denote the minimal value of (P)

[ DACOROGNA/MARCELLINI 97 ], [ DACOROGNA/MARCELLINI 98] and [ DACOROGNA/MARCELLINI 99] .

[ ANDREJEWA/KLOTZLER 84A ] and [ ANDREJEWA/KLOTZLER 84B], p. 149 f.

[FUNK 62], pp. 531 fI., [LUR'E 75], pp. 240 fI., [ TING 69A], p. 531 f., [TING 69B] and [ WAGNER 96 ], pp. 76 fI.
[ BROKATE 85], [ FEICHTINGER/ TRAGLER/VELIOV 03].

[WAGNER 06], pp. 108 ff., [ WAGNER 07].

See e. g. [TROLTZSCH 05].

The corresponding theory has been developed substantially by KLOTZLER, PICKENHAIN and WAGNER, cf. the biblio-
graphy in [ WAGNER 07], pp. 2 and 5.

[BRUNE/MAURER/WAGNER 08], [FRANEK 07A], [FRANEK 07B]. The only precursor is [ DEWESS/HELBIG 95]
where a transportation flow problem as the dual problem to a Dieudonné-Rashevsky type problem has been solved
by methods of combinatorial optimization.
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and the mesh size of the triangulation in the discretized problem, respectively). Within this minimizing
sequence, there exist a subsequence, which converges uniformly w. r. to  and LP-weakly (1 < p < o0)
w. r. to u. Then in Section 3, we apply the method to a well-known problem from image processing: the
problem of edge detection within noisy image data (“image restoration / image smoothing with simultaneous
edge detection”).

To the best of our knowledge, within mathematical image processing the effects of gradient restrictions
have not been studied yet, and thus are of particular interest. In order to compare our newly proposed
approach with the existing ones, its application to a well-examined basic problem is desirable. The quality
of our numerical results competes well with and may even exceed the best existing variational method (edge
detection via Ambrosio-Tortorelli functionals). On the other hand, the present studies may be considered as
a preparatory work for the treatment of situations where image restoration and simultaneous edge detection
must be embedded as a subtask into a more comprehensive problem. Even in this case, the optimal control

formulation provides considerable advantages. %)

Notations.

Assume that Q C R™ is the closure of a bounded strongly Lipschitz domain. Then C* (€2, R") denotes the
space of r-dimensional vector functions f: © — R", whose components are continuous (k = 0) resp. k-times
continuously differentiable (k = 1, ..., 00). LP(Q,R") denotes the space of r-dimensional vector functions
f: @ — R" with components, which are integrable in the pth power (1 < p < o) resp. are measurable
and essentially bounded (p = 00). W(l)’p(Q7 R") denotes the Sobolev space of compactly supported L”(£2, R")
(vector) functions f: © — R, whose components possess first-order weak partial derivatives in L”(Q,R)
(1 <p< o). Wé’oo(Q,]RT) is understood as the Sobolev space of all r-vector functions f: @ — R" with
Lipschitz continuous components and zero boundary values. '©) Jz denotes the Jacobi matrix of the vector
function x € Wé’p(Q, R"). The diameter of a set & C R™ is defined as Diam (Q) = sup { |2’ — 2" | | 2/, 2" €
'} while |Q| denotes the m-dimensional Lebesgue measure of . The abbreviation “(¥)t € A” has to be
read as “for almost all s € A” resp. “for all s € A except a Lebesgue null set”. Finally, the symbol o denotes,

depending on the context, the zero element of the underlying space.

2. Convergence of a discretization method for (P).

a) Discretization of the problem (P).

We specify the basic assumptions about the problem (P) as follows: Let n > 1, m =2 and 1 < p < co. We
choose a rectangular domain Q C R? with edge lengths a, b € N, a > b > 0. The integrand f(s,&,v): Q x
R" x R"*? — R is measurable and essentially bounded w. r. to s and continuously differentiable w. r. to all
& and v;;. For all s € Q, B(s) is the (n, n)-unit matrix, and K C R™*? is the norm body

n 2
K={veR" [ ¥ X |v;|"<R"} (2.1)

i=1 j=1

with ¢ € IN, ¢ > 1. From these assumptions, we derive immediately the existence of a feasible solution (the
pair (0, 0)). For any admissible pair (z,u), the restriction Jz(s) € K (V) s € Q implies x € Wé’p(Q,R") N

For example, we mention the image registration problem in absence of a greyscale value correspondence. Then the
image matching must be based on the gradient resp. edge information only, cf. [HABER/MODERSITZKI 07 ] .

[EVANS/GARIEPY 92], p. 131, Theorem 5.



W(l)’OO (Q,R™). As a consequence, = possesses a Lipschitz continuous representative even in the case 1 < p < m
If ¢, denotes the constant of equivalence between the 2- and ¢g-norm in R? then all components z; have the
Lipschitz constant Cq = R/c¢q.

Let now K = L = 2. We construct a triangulation of Q by introducing first a grid of (K x L) rectangles
Qi with edge lengths a/2" and b/2" and splitting then every rectangle along the principal diagonal into
triangles A;C’l = A(sk_l’l_l,skyl_l,sw) and Ag’l = A(sk_17l_1,sk’l,sk_l7l). Thus we arrive at a regular
triangulation Ty 'V with vertices s, and mesh size oy = VaZ+b2 /2N+1 For every triangle, its interior
angles ¥ obey sin? > sindg = b/v/ a2+ b2 > 0.'? The space of all piecewise affine functions with zero
boundary values on 952, which are adapted to the triangulation Ty, will be denoted by X{. Then we may
restrict the problem (P) in the following way:

(P)n: F(z,u) /f (s,2(s),u(s)) ds —> inf!; (z,u) € (Wé’p(Q,R") N ng) x LP(Q,R™2); (2.2)
Jx(s) = ) (V)s € Q; (2.3)
u( :{UER"X2 | 2:12|v”| R} (V)s €. (2.4)

For the admissible pairs (x,u) in (P)y, it holds that

f(s,z(s),u(s))ds = f(s,z(s),u(s))ds + / f(s,z(s),u(s))ds (2.5)
Qe A Al
Il(Sk,l 1) 1 (Sk 1,0— 1) 171(5k,l)*$1(5k,l—1)
(a/2%) (b/2N)
= / f(57 x(s), )
k.l T (Sk1—1) — xn(-sk—l,l—l) T (8k,1) — Tn(Sk,1-1)
(a/2V) (b/2N)

21(8k1) — 1(sk—11)  z1(Sk—14) — T1(Sk—=1,1-1)
[ (st i v ) 20
o ’ 7 Tr(Sk,1) —:$n(8k71,l) T (Sk—11) —:$n(8k71,171) . '

) (b/2N)

With the abbreviation z;(sg,) = 51(37 we obtain as the discretized problem related to (P)y:

=/ (1 n 1,1 n,4 1 ab
O F(EN. o €0l o ole) = 120
1,1 1,2 1 1,3 1,4
K L fk—l,z—l Ul(cl ) Ul(c,l ) fl(cl) ”li,z ) vl(c,z )
-kZ ZZ (f(skalfla : , S R i (CT I I I : : )) (2.7)
=1 Il=1 n n,l n,2 n n,3 n,4
5k71,171 Ul(cl ) Ul(c,l ) fl(c,l) Ul(u ) Ul(c,z )
— infly (€5, s €0 oY, o)) € RAEHDEAD L gAnKL (9 8)
=62 =0, 1<i<n, 0<I<L; (29)
¢ =¢P —0, 1<i<n, 0<k<K; (2.10)

1) We adopt the terminology from [ GOERING /R00S/TOBISKA 93], pp. 28 and 40, (Z1) — (Z4), and p. 138, (Z5).

12) Consequently, the sequence {7y } of the triangulations satisfies the Zldémal condition, cf. [ CIARLET 87], pp. 124
and 130.
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(,1) 51(;;371 - l(clzl 1-1 (4,2) fl(:% - 51(3,1 ,
Ykl T T (@) Uk T TNy o 1<i<n, 1<k<K, 1<I<L; (2.11)
(i.3) 51(:% — &0 (4,4) &)1 — 51(21,1_1 .
U :W; Vg :W,lgzgn,lgkgK,lglgL; (2.12)
> (1o |+ [P ") < Re. 1<h< KL 1<1< L (2.13)
i(@zg’zg) 4+ (ol ") < RY1<E<E, 1<ISE. (2.14)

In consequence of the possible discontinuity of the control variables within (P)y, the number of the cor-
responding discretization variables in (D)x has been doubled. For the same reason, the classical two-

dimensional Newton-Cotes cubature formula!® had to be modified.

b) Existence of global minimizers for the problems (P), (P)y and (D)y.

Theorem 2.1. (Global minimizers for (P) and (P)y) Consider the problem (P) under the assumptions
of Section 2.a). Assume further that the integrand f(s,&,v) is convex as a function of v for almost all s € Q
and all £ € R", and a growth condition

| £(s,&0) | < ¢u(s) + @2(l€], [v]) (V)s€Q V(§v) eR"xK (2.15)

with 1 € L' (L R), ¢1(s) =0 (V) s € Q and 3 € C'(R" x K, R), @o |£], |v]) = 0V (€,0) € R" x K is
satisfied where @q is a monotonically increasing function in | €| as well as in |v|.

1) Then (P) admits a global minimizer (&, ).

2) Every problem (P)n, N € N, admits a global minimizer (Zn,4N).

Proof. 2) Although the feasible domain is restricted to (W4* (2, R") N X&) x LP(Q, R"*?), the arguments
from [ PICKENHAIN/WAGNER 00 ], pp. 222 — 224, and [ DACOROGNA 08], p. 378, Theorem 8.8., remain valid.

Theorem 2.2. Under the assumptions of Theorem 2.1., every problem (D)n, N € W, admits a global
minimaizer (éé}g, . Agg)L, 6&1), . ﬁ;?f) )

Proof. The feasible domain of (D)y is nonempty, convex and compact since the equations (2.11) — (2.12)
for vl(i’lj ) and the assignment fl(c% = fl(j)L = Szl) = %)z = 0 at the boundary vertices imply the boundedness

of the variables 5,(;% as well. The objective F is continuous w. r. to all variables; consequently, it takes its
global minimum on the feasible domain. m

c) A convergence theorem for the discretization method.

Theorem 2.3. (Convergence of the discretization method for (P)) Consider the problems (P), (P)n
and (D) N under the assumptions of Theorem 2.1. Let 1 < p < 0o and assume further that 4Cy on/sindy < 1
as well as 8nCy (14 C1)7 oy /sindy < 1 with C; = R/c,.

1) (Relations between (P) and (P)x ) Let N € IN. For all global minimizers (,4) of (P) and (Zn,0n)
of (P)n, the inequality

F(SIAL’IAL) < F(,@N,QN) < F(f,ﬁ) + Cyon (2.16)

Cf. [MAEss 88], p. 238 {.
[ BRUNE/MAURER/WAGNER 08], p. 4, Theorem 3.1.
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holds with a constant Cy > 0, which does not depend on N € IN. Moreover, every sequence { (Zn,tun)} of

global minimzers of (P)n contains a subsequence { (Zn+,Un/)} with
| @n =& | coqpny = 0 and (Gn' =) = 0pp(q rox2) (2.17)
where (Z,4) is a global minimizer of (P), and the entire sequence satisfies

| F(in,in) — F(&,4)

—0. (2.18)

2) (Relations between (P) and (D)y ) Let N € IN. Assume that for all feasible solutions (z,u) of (P)n
and all indices 1 <k < K, 1< 1< L the conditions

|f(s,a:(s),u(8)) — f(sk=1,1-1,2(s),u(s)) | < C3-on (V)seAp, and (2.19)

| £(s,2(s),u(s)) = f(ska,z(s),u(s)) | < Cs-on (V) s € A}, (2.20)

hold. Consider a global minimizer (£,0) of (D)n and the related feasible solution (Zn,un) of (P)n defined
by

Fnalorg) = €9, 1<i<n, 0<k<K,0<I<L. (2.21)
Then for all global minimizers (&,4) of (P), the inequality

F(3,

>

) < F(EN,T’ZN) < F(f,ﬁ) + Cyon (222)

holds with a constant Cy > 0, which does not depend on N € IN. Moreover, the sequence { (Tn,un)} contains

a subsequence { (Zn+,un) } with
|| TN — T ||CO(Q,]R") — 0 and (’lj]\n — fL) — 0P (Q,R"%2) (223)
where (Z,4) is a global minimizer of (P), and the entire sequence satisfies

| F(Tn,un) — F(2,1)

- 0. (2.24)

Remarks. 1. The additional assumption in Part 2) of the theorem reflects the fact that the integrand f is

only a measurable and essentially bounded function of s.

2. If (P) admits an uniquely determined global minimizer then the convergence relations (2.17) and (2.23)
hold for the entire sequences { (Zn,%n) } resp. { (Tn,un) }, since, in consequence of (2.18) and (2.24), all

weakly convergent subsequences possess the same limit element. %)
Proof. The proof will be divided into seven steps.

e Step 1. C™-approzimation of a global minimizer of (P). From Theorem 2.1., we know that (P) possesses
a global minimizer (&, @) € W™ (Q,R"™) x L®(Q,R™*?). We rely to the following approximation theorem:

Theorem 2.4.'%) Assume that Q C R™ is the closure of a bounded strongly Lipschitz domain, K € R"™
is a convex, compact set with o € int (K) and & € W(l)’oo(Q, R"™) is a function with J&(s) € K for almost all
s € Q. Then & can be approzimated by a sequence of functions zN € Cy (L, R") with the following properties:

[ GAJEWSKI/GROGER/ZACHARIAS 74], p. 10, Lemma 5.4.
[WAGNER 99], p. 2, Theorem 1.5., with S(s) = K, I' = 9Q and ¢ = o.
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=0, (2.25)

1) J\}gnoo H N -3 HCO(Q,W)

2) lenoo | TN = T2 || 1 g pnmy = 0, (2.26)

3) J2N(s) € K for all s € Q. (2.27)

Consequently, in relation to & we may choose a function z € C° (€2, R"™*?) with

||Z_i.HCO(Q,]R”) + H Jz—Ji HLl(Q,]R“XQ) S ON (2.28)

and Jz(s) € K for all s € Q. The Lipschitz constant of the components of z amounts to C; = R/c, as well,

and the zero boundary conditions for & and z imply

C
< C; -Diam () = 71 Va2+b? and |z HCO(Q,]R) < Cp-Diam (), 1<i<n. (2.29)

e Step 2. Piecewise affine approrimation of z. We approximate z by that continuous, piecewise affine

(QR) =

function y € X, which coincides with z in all vertices of the the triangulation 7. Let us note first that

|| 2 < Oy -Diam (), 1 <i < n. (2.30)

H Yi HCO(QJR) S HCD(Q,]R)

Moreover, the following inequalities hold:

Lemma 2.5.'7 Let a function z € C?(Q,R"“) with Lipschitz constant C1 > 0 for all components be
giwven. Then for 1 < i < n, the following estimates hold:

32
zi(8) — yi(s) ‘ <C-Cs-ony with Cs =6+ —— Slnﬁo (2.31)
0z; 0y; ) 4
— < .Cy - = — . 2.32
B, s) 7s; (s)‘ Ci-Cs-on with Cg S (2.32)

From Lemma 2.5. we conclude that, for all sufficiently large N € IN, every pair ( (1-D)y, (1-D) Jy) with
0<D=2nC;(1+C)" ' Cson < 1 (2.33)
is admissible in (P)y. To see this, we enlarge N until
Cy-Cg-on <1 (2.34)

is satisfied. Then it follows that

y; q 0z; y; 0z; q
< _
0s; ()] < ( ’ 0s; (5) ‘ + 0s; () 0s; (5) ‘ )
azz _1 q 0z; k 8yi 07 q—k
0s; (5) ‘ (k) - 0s; (5) ’ - 0s; (s) - 0s; (5) ‘ (2.35)
0z; q ayi 0z =l /q 0z g—1—k
0s; (5) ds; (s) - ds; (5) ‘ . = <k) Js; (s) ’ 1 (2.36)
0z; q 0y; 0z; ! (q k qq—k
< _ ) CLE .19 )
= ‘ 0s; (S)‘ 0s; (s) 0s; (S)‘ o (k) L1 (2:37)
0%; q _
< \88'(5)‘ Lo (14O Choy  — (2.38)
j
= 2 ayi 4 -1
S % ] Sh(s)| < BT+ 200 (14 C) T Gooy = (2.39)
i=1 j=11 0Sj
noZ | 9y 4 -1
(1-D) > > s ()] <A-D)RT+2nCi(1+C)T Cson . (2.40)
i=1 j=1 j

[WAGNER 03], p. 41, Lemma 0.1. and 0.2., modified from [ EKELAND/TEMAM 99], p. 309, Proposition 2.1.



From the requirement

(1-D)R? 4+ 2nC; (1+ 0" ' Cson < RY, (2.41)
we obtain

D =2nC,(1+C)" ' Coon (2.42)
as well as

5(s) = (1= D)y(s)| < C1-Cs oy + D-

ui(s) |
< (01 Cs +2nC (1+C)7LCq - O Diam(Q)) oy = Cron;  (2.43)

il

< (0106 + 200, (1+01)q—106-R) oy = Cyon. (2.44)

8zi
asj'

y;
aSj

(s)— (1—-D) (5)’ < 01-06-0N+D\

Now we define y = (1 — D)y and w = (1 — D) Jy.

e Step 3. Estimation of the objective values in (P) and (P)y. From the assumed differentiability of the
integrand f(s,&,v) w. . to & and v;;, we obtain together with (2.29):

| F(.6'0) — fls,8"0)| < ( Max |v§f(5,g,v)|).|§z_§,,’
(s,&,v) QX AXK
=Co- |6 —¢"| (VseQVE, " cAVveK; (2.45)
[Fsev) = fs&0 [ < (0 Max |V f(sgu)]|) | =0
(s,&,v)EQXxAXK
=Cr- [V V"] (V)s€eQVEECA VY 0" €K, (2.46)

Here A C R™ denotes the closed ball with center o and radius (C; - Diam (2) ) while the vector V,, f(s,§,v)

has been assembled from the columns of the Jacobi matrix with entries 0f(s,§,v)/0v;;. It follows that
F(#,4) < F(&n,0n) < F(y,w) < F(&,0) + |F(z,J2) = F(&,4)| + | F(y,w) — F(z,Jz) | (2.47)

< F(di) + /Q(|f(s,z(s),Jz(s)) — [s.(s), =) | + | S(5,(5), () = S (s, 8(5),(s)) | ) ds
[ (17656, ) — Flo 20T | + | £512(5),85) = £5,2(5).T(5))| ) ds - (249

Q
< F(z,a) + /Q(Cg | 2(s) = &(s) | + Cio]| J2(s) — a(s) |) ds

+ /Q<C’9 | 5(s) — 2(s) | + C1o|w(s) — J2(s) |) ds (2.49)
< F(a,a) + (121G v + Ciov2n + |2 CrCo Vi + || Cs Cro Van ) <o (2.50)

The first and the second member have been estimated by use of (2.28); the third and the fourth one by use
of (2.43) and (2.44).

e Step 4. Analysis of the sequence { (Zn,uy) } . For every N € IN, we choose a global minimizer (2, @y) of
(P)n. All pairs (Zy,ty) are feasible in (P) as well, and by Step 3, the sequence { (in,un)}, Wé’p(Q,



R") x LP(Q,R™*?) is a minimizing sequence for (P). Due to (1.3) and (2.29), the feasible domain of
(P) is bounded. Consequently, { (Zxn,%n)} admits a weakly convergent subsequence whose limit (&, )
is feasible in (P) as well (this holds in analogy to [WAGNER 96], p. 60, Lemma 4.2-10). Since &y €
W(l)"p(Q, R™ N Wé’oo(Q,R”) for all N € IN, we may assume that p > 2, and from the Rellich-Kondrachev
embedding theorem '®) we get the existence of a subsequence with uniform convergence w. r. to z. The proof

of Part 1) is complete.

e Step 5. Relations between feasible solutions of (P)n and (D)n. The proof of Part 2) starts with the

following

Lemma 2.6. Consider the problems (P)n and (D)n under the assumptions of Theorem 2.1. Assume further

that the conditions

| f(s,2(s),u(s)) = f(sk—1,-1,2(s),u(s)) | < Cs-on (V)s€ A}, and (2.51)

| F(s,0(5),u(s)) — Fsnpr (), u(s)) | < Cs-on (V) € AL, (2.52)
hold for all feasible solutions (x,u) of (P)n and all indices 1 < k < K, 1 <1< L. Then for every feasible
solution (x,u) of (P)n there exists a feasible solution ( ((]71()), e %)L, v&’l), v ’Ugg’é)) of (D)n with

| Fz,u) — ﬁ( (())18, e EI?)D vg)ll’l)7 ey vggf)) | < Cii-on. (2.53)
Conversely, for every feasible solution (56}37 ey f}?’)L, vﬁl’l), s vgg’f)) of (D)n there ezists a feasible so-

lution (z,u) of (P)n with
|ﬁ( (()7133 sy §?7)La Uill’l)a A v%f)) 7F(’I,’U,)| < Cll *ON - (254)

Proof. Let a feasible solution (x,u) of (P)x be given. The objective in (P)x may be represented as

K L
F(z,u) = ( (s,z(s),u(s))ds + f(s,z(s),u(s)) ds) . (2.55)
k=11=1 “Ja; A,
With the setting
&9 = 2i(s,,), 1<i<n, 0<k<K, 0<I<L; (2.56)
G,1) xi(sk,lﬂ) - xi(skﬂ,lﬂ) C(2) xi(sk,l) - xi(sk,zq) . )
vy = ) RS /2 , 1<i<n, 1<E<K, 1<IL<L;
(4,3) xi(sk,l) - xi(skq,z) (i,4) mi(skq,l - 951‘(31@71,171) .
v = ; v = , I1<i<n, 1<k<K, 1<ILL,
k.l (a/zN) k.l (b/ZN)
we obtain a feasible solution ( (()713, e XL)L, vgil), s v%’é) ) of (D)n, and the difference of the objectives

can be estimated as follows:

=~ (1 n 1,1 n,4
‘F(m,u)—F( ((),8, s §<,)va§,1)7"'7U;<7L))‘
(1,1) (1,2) (1,1) (1,2)
K L Ukl Ukl Vk,1 Vk,1
< ([ st | ) = fsenate | ] s
k=1 Il=1 4 n,1) n,2) n,1) n,2)
M Ul(c,l Ul(c,l Ul(c,l Ul(c,l
1,1 1,2 1 1,1 1,2
z1(s) Ul(c,l ) vl(c,l ) 1(%)1,171 Ul(c,l ) Ul(c,l )
+ / f(sk—1-1, : ) : : ) — f(sk—1,1-1, : ) : : ) ’ds
/ (n,1) (n,2) (n) (n,1) (n,2)
- n(s) Vk,1 Vk,1 k—1,1—1 Vg1 Vg1

18) [ ApAMS/FOURNIER 07], p. 168, Theorem 6.3.



1,3 1,4 1,3 1,4
Ul(c,l ) Ul(c,l ) Ul(c,l ) Ul(c,l )
+ / f(s, z(s), : : ) = f( sk, 2(s), : : )‘ds
" n,3 n,4 n,3 n,4
k1 Ul(c,l ) Ul(c,l ) Ul(c,l ) Ul(c,l )
1,3 1,4 1 1,3 1,4
z1(s) “l(c,l ) Ul(c,l ) I(cl) Ul(c,l ) Ui(c,l )
L R FICE U P U T o DI B PO O ) DA BCE D
i’ a(s) ) \of® oY AN

1
z1(s) — l(cf)l,lfl

K L
<2 3 (18] Csron + Ay Co-| :
k=1 Il=1 xn(s) _51(671)1’[71

z1(s) — €4

|

+ | Zz"C%'UN-F’AZl"Cs)" D (2.58)

Ta(s) = &7
g(|Q|'03—|—|Q|'Cg~cl'\/ﬁ~2)'0'1v:c’110']\/. (259)

Conversely, to every feasible solution ( 6713, sy XL)L, fugyll’l), s v?f) ) of (D)n, we may relate immediately

a feasible solution (z,u) of (P)y defined by x;(sg;) = §,(€?, 1<i1<n 0<k<K,0<I<L. Then for the
objective values the same estimate holds as above. m

e Step 6. Estimation of the objective values of (P) and (D). We consider a global minimizer ( Aé}g, e Aﬁ?’)L,
6&1), . ﬁgg’é)) of (D)n and the related feasible solution (Zn,un) of (P)n defined by Zn ,(sk1) = é,(jg

and Uy ;;(s) = 0Tn,i(s)/0s;. Further, let (Z,4) be a global minimizer of (P) and (Zn,%y) a global mini-
mizer of (P)x. By (§,v) we denote the feasible solution of (D)y, which is defined in analogy to (2.56) by
5,(;% = 2n,i(s),;)- Then from Part 1) and Lemma 2.6. it follows that

F(#,1) < F(in,an) < F(@n,in) < F(€9) + Crioy < F(&v) + Cioy
< F(&n,in) + 2Chony < F(&,a) + (Co+2C1y) -ony = F(2,4) + Cyony. (2.60)
e Step 7. Analysis of the sequence { (Zn,un) }. All pairs (Zy,uy) are feasible in (P), and from (2.60) we
may conclude that { (Ty,un) }, Wé’p(ﬂ, R™) x LP(Q,R™*?) forms a minimizing sequence in (P) as well.

The existence of a subsequence with the claimed properties can be ensured as in Step 4, and the proof of

Part 2) is complete. m

3. Application to the image restoration problem.

a) The image restoration problem.

Throughout this section, we describe greyscale images through at least measurable functions x defined on a
rectangle Q C R? with values 0 < z(s) < 1 (V) s € Q. The most commonly used model for the capture of an

original scene z: 2 — [0, 1] is the equation
I(s) =S(z(s)) + N(s) (3.1)

where the systematical errors (e. g. blur) are described by an operator S, and N (s) is a noise term.'?) The

formal solution of (3.1),

2(s) = S (I(s)) = STHN(s)), (3.2)

19 Cf. [ AUBERT/KORNPROBST 06], pp. 68 ff., and [ CHAMBOLLE 00], pp. 7 ff.
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however, leads to an ill-posed problem. Since the 90s, in generalization of the “scale-space” approach where
the noisy image data I(s) are subjected to a smoothing diffusion process, 2°) the image restoration problem
has been extensively treated by variational methods. The objectives within these problems minimize the
defect S ( x(s) ) — I(s) together with a regularization term involving the first generalized partial derivatives
of x. For the diffusion methods, one has to assume z € C2(Q,]R) whereas the variational problems can
be formulated within Sobolev spaces Wl’p(Q,]R) resp. the space BV (Q,R) 21) of the functions of bounded
variation. 22) The original scenes x, however, belong in general even not to BV (€2, R), the most capacious of
the mentioned spaces. 23) It must be emphasized that, for this reason, all methods proposed as yet are based
on a compromise: instead of the original scene x, one searches for a representative with a prescribed grade
of additional smoothness (“image smoothing”). In the following, we assume that S(z(s)) = z(s), and the

variational problem will be formulated within the Sobolev space W(l)’p (QR):

(V)M F(a:)z/g(a:(s)—[(s)fds—|—,u~/ﬂf(\Vx(s)|)ds — inf!; eré’p(Q,R) (3.3)

with 1 <p < oo, I € L(Q,R), 0 < I(s) <1 (V)s €, a regularization parameter x> 0 and an integrand
fe CQ(]R, R), which obeys an appropriate growth condition.
An important goal in image restoration/image smoothing is to conserve as far as possible the edge structure

within the image data.2*) For this purpose, the use of an anisotropic regularization term of the shape

/Q v/ | Va(s) |2 +n? ds (3.4)

is advisable. For sufficiently small values n > 0, this term may be understood as an approximation for
the L'- resp. total variation norm of Va but avoids its main disadvantages since the integrand in (3.4) is
differentiable in 0 and produces only a reduced staircasing effect.

b) Edge detection within noisy image data.

In order to perform an image restoration with simultaneous edge detection, two different strategies may be
pursued. The first possibility is to replace the cost functional in (V)(l) by a functional of Ambrosio-Tortorelli
type. Besides the denoised image x, this functional depends on an additional variable k as a “sketch” for the
edges with k(s) ~ 0 resp. k(s) = 1, depending on whether the point s € Q belongs to an edge within x or

not. We obtain the following rather complicated variational problem:

W)@ F(x, k) = 01(6)'/9(56(8) —I(s))st + 62(5)~/Q|Vx(s) |p (k(s)® + cale) ) ds (3.5)
+cs(e) - /Q(e | Vk(s) |2 + 4%:_ (k(s) — 1)2> ds — inf!; (z,k) € Wé’p(Q,]R) X Wé’Z(Q,]R)

[ AUBERT /KORNPROBST 06 ], pp. 94 ff., [ WEICKERT 96], pp. 2 — 18.
Cf. [EVANS/GARIEPY 92], pp. 166 fI.

For the treatment of image restoration problems within the space BV (2,R), we refer e. g. to [AujoL/AUBERT/
BraNc-FERAUD/CHAMBOLLE 05], [CHAMBOLLE 00], [CHAMBOLLE/LIONS 97], [HINTERBERGER/HINTERMUL-
LER/KUNISCH/OEHSEN/SCHERZER 03], [ OSHER/BURGER/GOLDFARB/XU/YIN 05] and the seminal paper [ RUDIN/
OSHER/FATEMI 92].

This conclusion will be suggested by [ GOUSSEAU/MOREL 01].

Here again, the inherent compromise within Sobolev space methods comes forward: “The theory seems to adopt again
what it tried to avoid.” ([CATTE/L1ONS/MOREL/CoOLL 92], p. 183).
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with image data I as above, ¢ > 0 and weights ¢;(¢) > 0, 1 < i < 4. 25) Within the objective, the first
term is the classical fidelity term. The second one replaces the regularization term in (V)™ and realizes a
coupling between x and k, which favors values k(s) ~ 0 in points s € Q with large magnitudes of Vz(s).
Within the third term, the first member effects a quadratical regularization of k£ while the second member
enforces k(s) ~ 1 except a subset of €2 of small measure. The interpretation of k as an edge detector is
heuristically clear and may be rigorously justified by proving the I'-convergence of the solutions of (V)(Q)
towards a solution of a variational problem with an Mumford-Shah type objective. 26)

As an alternative to the study of (V)| we may add convex restrictions for V to the problem (V)| thus
converting the original variational problem into a multidimensional control problem of Dieudonné-Rashevsky

type. Under comprehension of the regularization term (3.4), this problem reads as follows:

PV Fz,u) = /Q(:r(s) - I(s))2d5 + - /Q \/ul(s)2 +uz(s)? 4+ n? ds — inf!; (3.6)

(z,u) € WiP(Q,R) x LP(Q,R?); (3.7)
_ ([ wa(s) .

V(s) <u2(5) (V) s € Q; (3.8)

ueU = {ue LP(Q,R? | Jui(s)|* + Jua(s)|? < R? (V)s€Q}. (3.9)

Here we assume 1 < p < 00,1 < g<oo,u>0,7>0, R>0and I as above. The edge detector k is
immediately constructed from the control variables u; and us, e. g. 27

k(s) = 1— - (|u1(s) "+ | us(s) |q). (3.10)

In this optimal control reformulation of the problem, we interpret as “edges” those subsets of {2 where the
control restriction becomes nearly active.

For (P)(), the assumptions of Theorem 2.1. are satisfied: Since 0 < I(s) < 1 for all s € Q it follows that

2
fls:60) = (€=1())" + myf i +3 407 = [fs.&0)[ <@ +200+ py/[vP+0?, (3.11)
and the growth condition holds with o1 (s) =0 and o [€], |v]) =€+ 2] +p/|v]? +n?.

¢) Numerical solution of the discretized control problem.

In the present paper, we pursue the second approach and solve the image restoration problem with simul-
taneous edge detection as a multidimensional control problem (P)(l)7 applying the discretization method
from Section 2. We choose a = b =128 and N = 7 and decompose 2 = [0, 128]? into (K x L) pixels Qg
with edge length 1 and northeastern vertex s ;. Then the mesh size amounts to oy = \/ﬁ/ 2, and the noisy
image data I(s) are given as a pixelwise constant function. For this reason, the assumptions (2.19) — (2.20)
of Theorem 2.3., 3) are satisfied with C3 = 0, and we may assume that I(s) ’ Qri = I(sk), 1 <k <K,

In [ AMBROSIO/TORTORELLI 92], p. 111, resp. [ BELLETTINI/COSCIA 94], p. 205, (2.1), this functional has been
proposed as an approximation for the Mumford-Shah functional. See also [ AUBERT/KORNPROBST 06], pp. 166 —
173.

[BELLETTINI/COSCIA 94], p. 205 f., Theorem 2.1., for p = 2.
Cf. [FRANEK 07A], p. 65.
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1 <1 < L. We may state the following discretized problem:

1 ~ (1 1 1,1 1,4 1 ab K L 1 2 1 2
(D)gv)3 F( §1)v e ;()Lv 951 )v g(L)) = i'ﬁ'kgl l;(( l(c—)l,l—lif(sk,l)) + ( I(cl) *I(Sk,z))
+M\/ v,(:ll) U,SZ’Q))Q +n? + ,u\/(v,glf)) + (v,gll4) )2 + 7?2 ) — infl;  (3.12)
( ((Jl())7 o ;)L’ v&l)’ - vg”i)) c RKHDLAD) o R4KL; (3.13)
&) =& =0, 0<I<L; (3.14)
g =6 =0, 0<k<K; (3.15)
(1 1) fl(cll) 1 15:1)11 1 (1,2) k,l _gkl 1
— ShiZU 7 Skoliod L (12) Skl SKISL g e 1< <L 1
@2y T e (319
(1,3) I(cll)_ l(cl)ll (1,4) l(cl)ll_ I(cl)ll 1
3) _ Sk, —10 A SkoLl T SkCLL g e 1 << L 1
vk,l (a/ZN) ’ Uk,l (b/QN) ) (3 7)
loliV 7+ ol | < RT, 1< k<K, 1<I<L; (3.18)
Jol i 7+ o [ < RT, 1< k<K, 1<I<L. (3.19)

As the discretization of the edge detector, we obtain

k(ska) = 1— % Max (o7 |7+ ol |7, (ol | + ol ). (3.20)
The evaluation of the necessary optimality conditions (Karush-Kuhn-Tucker conditions) results in a large-
scale system of nonlinear equations and inequalities, which may be solved with high precision and efficiency
by interior point methods. As input/output platform, MATLAB has been used while the discretized problem
has been formulated with the aid of the modelling language AMPL ?®) and then transferred to the interior-
point solver IPOPT. 29) The results have been represented, evaluated and archived with MATLAB again.

d) Image data and evaluation of the results.

For the numerical experiments, we used a segment of the Lena image 39 with K = L = 128 with or without
artificial addition of white noise 3! (Figs. 3.1. — 3.2.). The quality of the image restoration will be evaluated
by means of the SNR indicator

M=

>

SNR (i,2) = —10logy, ( k=1 =1

T — 2(Sk1) ? 2(s) — i(s)) > ds
_ ) ~ —1010g10(/( ) ) (3.21)
E(i(skz))z /52£(5)2d5

11l=
AMPL is a commercially distributed modelling language with easily comprehensible syntax, which allows a for-

M=

k

=

28)

mal description of optimization problems, their transfer to a solver and the further processing of the output data.
Cf. [FOURER/GAY/KERNIGHAN 02].

29 [LAIRD/WACHTER 07], [ WACHTER/BIEGLER 06].

300" Accessible via http://www.am.uni-duesseldorf.de/~witsch /html/lehre/bild-06 /lena_gray.tif (last access: 14. 07. 2008).

3D With standard deviation zero and variance o = 0.01.
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For the evaluation of the edge sketches k, however, the literature does not provide a generally accepted

criterion as yet. For this reason, we propose the following error measure IEE (“intensity edge error”): 32)
. 1 K . 2 1 - 2
IEE (2,x) = —— > 3 (k(sw) — k(sw))” =~ = [ (k(s) —k(s)) ds (3.22)
KL = i= 12 Jo

with reference to an “ideal” edge sketch k (Fig. 3.3.), which has been obtained by application of the Ambrosio-
Tortorelli functional (3.5) to the (noiseless) original image data.

Segment of the Lena image: original (left)
and noisy version (right) with SNR (z, z)
= 12.4569

Fig. 3.1.

Variational problem (V) with Ambro-
sio-Tortorelli objective: edge sketch k for

the original Lena image

p=2,¢=0.5, 61(6) = 1275, 02(5) =10,
c3(e) = 0.5, cu(e) =0

Fig. 3.3.

e) Numerical results.

In order to compare the proposed discretization approach with the Ambrosio-Tortorelli method, the varia-
tional problem (V)(z) has been solved first. 33) With the parameters p = 2 and € = 0.5, we arrive at the
results depicted in Figs. 3.4. — 3.5.

For the numerical solution of the multidimensional control problem (P)(l)7 we take the values p = q¢ = 2,
w = 0.5, 7 =0.01 and vary the parameter R. The edge sketches have been generated with the aid of the
discretized edge detector (3.20). Figs. 3.6. — 3.13. show the results for the original Lena image from Fig. 3.1.;
the second series (Figs. 3.14. — 3.21.) has been calculated with the noisy Lena image from Fig. 3.2.

Cf. [BRUNE/MAURER/WAGNER 08], p. 8, Definition 4.2.
Following [ BOURDIN 99], a direct method has been applied to (V)®) as well.
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Variational problem (V)®) with Ambro-
sio-Tortorelli objective: restored version
(left) and edge sketch (right) for the noi-
sy Lena image

p=2,e=0.5,c1(e) =3, ca(e) = 30,
c3(e) = 1.2, cu(e) =0

SNR =16.1037, IEE = 18.7680

Fig. 3.4. Fig. 3.5.

f) Discussion and conclusion.

Among the solutions of the control problems, the best results both with respect to the visual comparison as
well as for the IEE criterion have been obtained for R =~ 0.06. There are no significant differences between
the SNR as well as the IEE values for the original and the noisy data. If the value of the parameter R has
been selected too small then “overcrowded” edge sketches develop (Figs. 3.13. und 3.21.). On the other hand,
an enlargement of R beyond 0.25 produced no change of the edge sketches. Although the assumptions of the
convergence theorem (Theorem 2.3.) are satisfied for

1 V3-V2
47 2,2

only, reasonable results have been obtained even for R € [0.11, 0.25].

R < Min( ) = 0.112372... (3.23)

A wvisual comparison between the variational and optimal control method shows that the optimal control
method supplies the clearer edge sketches but tends to loose some fine details. To the contrary, the edge sketch
k resulting from the variational method (Fig. 3.3.) seems to contain a lot of unnecessary details. Among the
experiments with the original data from Fig. 3.1., the eyelashes have been reproduced only by the variational
method while the detail at the margin of the hat above the center of the image has been recognized by the
control method as well. For the noisy data, the control method provides a better reconstruction of this detail
(Fig. 3.19.) than the variational method (Fig. 3.5.).

The quantitative comparison between variational and optimal control method was possible only for the noisy
data since the IEE values had to be related to k. The best result obtained by the optimal control method
(Figs. 3.18. — 3.19.) and the result from the variational method have nearly the same SNR and comparable
IEE values. The difference in the latter is possibly caused even by the “unnecessary” details in l;, which are
suppressed by the optimal control method.

We may summarize that the presented variational and optimal control method supply results of comparable
quality. Consequently, our experiments demonstrate that the treatment of the image restoration problem
with simultaneous edge detection as a multidimensional control problem offers a real alternative to the

existing variational methods.
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Control problem (P)™) with robust
TV regularization term: original

Lena image

R =0.25
SNR =16.3235, IEE = 28.7146

Control problem (P)™) with robust
TV regularization term: original

Lena image

R =0.125
SNR =16.2890, IEE = 24.9645

Control problem (P)™) with robust
TV regularization term: original

Lena image

R =0.0625
SNR =15.7875, IEE = 21.9830

Control problem (P)™) with robust
TV regularization term: original

Lena image

R =0.03125
SNR = 14.4561, IEFE = 34.6860
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Fig. 3.15.

Fig. 3.17.

Fig. 3.19.

Control problem (P)™) with robust
TV regularization term: noisy

Lena image

R =0.25
SNR = 16.7465, IEE = 29.0117

Control problem (P)™) with robust
TV regularization term: noisy

Lena image

R =0.125
SNR =16.6978, IFE = 25.2298

Control problem (P)™) with robust
TV regularization term: noisy

Lena image

R =0.0625
SNR =16.1393, IEE = 22.8745

Control problem (P)™) with robust
TV regularization term: noisy

Lena image

R =0.03125
SNR = 14.6684, IFE = 35.0349
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