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Abstract. This paper deals with infinite horizon optimal control problems, which are
formulated in weighted Sobolev spaces W;’"(]Rﬁ v) and weighted Lp-spaces L (R%v). We
ask for the consequences of the interpretation of the integral within the objective as a
Lebesgue or an improper Riemann integral. In order to justify the use of both types
of integrals, various applications of infinite horizon problems are presented. We provide
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well as improper Riemann integrals. Further we prove a lower semicontinuity theorem
for an objective with Lebesgue integral under more restrictive growth conditions on the
integrand.
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1. Introduction.

a) Optimal control with infinite horizon.

In the present paper we investigate infinite horizon optimal control problems. The
motivation for their study arises primarily from economics and biology where the
infinite time horizon is a very natural phenomenon. Starting with paper of HALKIN
[14], the research in the field of optimal control problems with infinite horizon has
been increased dramatically. We just mention a few references, namely the textbook
[7] and the related chapters in [11] as well as some papers with background in
economics [3], [18], continuum mechanics [17], [23] and biology [13]. Through-
out the development of the theory, necessary and sufficient optimality conditions as
well as existence results were obtained. However, it must be emphasized that, with
very few exceptions (e. g. [4] — [6], [8]), no attention was given to the important
question which type of integral is appropriate to the problem formulation — the

Lebesgue or the improper Riemann integral.



The first aim of our paper is to demonstrate that different integral types can be
useful in applications and lead to completely different theoretical results. Further,
we point out that, for a correct setting of the problem, the choice of an appropriate
state space is essential. Let us mention that the Lagrange multipliers associated
with the constraints belong to the dual of the space wherein the constraint set has
a nonempty interior.

Our paper is organized as follows. In order to demonstrate how the Lebesgue and
improper Riemann integrals as well as weighted Lebesgue and Sobolev spaces come
into consideration, we start in this section with the presentation of some typical ap-
plications. Then we provide the general formulation of the infinite horizon problem.
In Section 2, we prepare some analytical tools concerning weighted Lebesgue and
Sobolev spaces and the Nemytskij operator. In Section 3, we state the main results

of the paper.

In the case of the Lebesgue integral, we provide an example where lower semi-
continuity is violated. Under additional assumptions we succeed in proving lower

semicontinuity of the objective with respect to an appropriate weak topology.

In the case of the improper Riemann integral, we provide two examples. The first
one demonstrates that, for the same data, the different interpretations of the integral
lead to different feasible sets. In the second one, the weak lower semicontinuity of

the objective fails.

Consequently, in cases where semicontinuity of the objective is missing it is impos-
sible to develop an existence theory via Weierstrass’ theorem. By this observation,
one is led to treat infinite horizon problems by means of duality theory (cf. [15]),

as outlined in [19].

b) Application: Optimal economic growth.

Since RAMSEY’s pioneering work, the problem of optimal economic growth is treated
with an infinite time horizon. In a recent version, the problem can be formulated as
follows (see [7], p. 6 ff.):

J(K,Z,C) :/OoefgtU(C(t))dt—>Max!;
0
F(E(t)) = Z(t) + C(t);



Here the production function F and the utility function U are given while the in-
vestition resp. consumption rates Z and C' and the capital stock K are optimization
variables. Under certain assumptions on the data it can be shown that there exists
a constant capital level k such that, “for any nonnegative value of o the optimal
trajectory over an infinite time horizon exists and converges toward k, and this is
true for any initial state ko” ([4], p. 8). From this property it is clear that the
function K cannot belong to any usual Sobolev space but to a weighted space as

introduced below.

c) Application: Production-inventory model.

This model was presented in [20], pp. 154 ff.:

J(I,P) = /Oooe@t (g (I(t)—I(t))* + g (P(t) - P(t) )2) dt — Min !; (2.1)
I(t) = P(t) — S(t); I(0) =i . (2.2)

Here I and P are given goal levels for inventory and production, S is the given sales
rate, h and c are given positive coefficients, and the actual inventory and production
rates I and P are optimization variables.

Again, the optimal trajectory of the problem belongs to a weighted Sobolev space.
Since the objective in this problem is similar to the norm in the weighted space
W;(RJC V) with o(t) = e2? (see Section 2.b) below), this seems to be very natu-
ral. We mention that here and in the preceding example, the integrals have to be
understood in the Lebesgue sense. In the next example, this is not clear from the

outset.

d) Application: Pest control.

Let X and Y describe the population numbers of two interacting species where X
is a pest and Y is its natural predator. Then X and Y obey the following dynamics
(see [7], pp. 4 I, cf. also [13]):

X(t) = X(t) (1Y (1)) X(0) =0 (3.1)
Y(t) = Y() (X()—1), Y(0) = yo. (3.2)
It is well known that this system admits a nontrivial stationary point, namely & =

4y = 1, while the trajectories cycle around the equilibrium in a kind of conservative

motion. Assume now that the population X is harvested with a rate 0 < U < Upax



by treatment with some pesticide. Then Y will be influenced with a rate cU too,

and the dynamics of the controlled system become
X(t) = X(6) (1-Y () = Ut)), X(0) = o; (4.1)
Y(t) = Y(t)(X(t)—1—cU(t)), Y(0)=y. (4.2)

The cost functional in the time interval [0, T'] is then
T
J(X,Y,U) = / (X(t) + aU(t)) dt — Min !,
0

balancing the cost of the nuisance and the cost of its controlling with a constant
a > 0. However, “there is no natural reason for bounding the time interval on which
the system has to be controlled” ([4], p. 5). In the infinite horizon, the Lebesgue

integral

/OOO<X(t) taU() ) d (5)

becomes infinite for any admissible control U. When normalizing with respect to X,

i. e., replacing the integral by

h (X(t)—2)+aU(t))dt, (6)
0

the integral has to be understood in Riemann sense while the absolute convergence

cannot be guaranteed.

e) General formulation of the infinite horizon problems.

As mentioned before, the infinite horizon control problem

(Pt J(u) = / Pt (1), u(t)) F(t) dt — Min ! (

0

(x,u) € W;’"(Rf v) x L (R v); (
(t) = f(t,z(t),u(t)) a. e on RT; x(0) = zp; (
ut) cUCR" a.e.onRT (

is not well-defined since the interpretation of the integral within the objective is
ambiguous. In order to make this point precise, we denote the set of pairs (x,u)

satisfying (7.2) — (7.4) by B and formulate the following basic problems:

P Jp(z,u) = L—/OOo r(t,z(t), u(t)) v(t) dt — Min !; (8.1)
(z,u) € BN By, (8.2)



where the integral in the objective is understood as Lebesgue integral, and B, con-
sists of all processes (z,u) € B, which make the Lebesgue integral in (8.1) convergent.

In the second problem,

PR Jg(z,u) = R-/OOO r(t,z(t),u(t)) v(t) dt — Min !; (9.1)
(z,u) € BN Bg, (9.2)

the integral in the objective is understood as improper Riemann integral, and Bg
consists of all processes (z,u) € B, which make the improper Riemann integral in
(9.1) (at least conditionally) convergent.

The function v is a density function in the sense explained below. The function v
is assumed to be nonnegative, but not necessarily a density function. The weighted
spaces W;n(RJr, v) and L, (R¥v) will be defined in Section 2.b) below.

f) Consequences of the distinction between Lebesgue and improper Rie-
mann integrals.
Let us remind that

0o T
R-/O F(#)dt = lim R-/O F(t) dt (10)

T—o0

where f: RT — R has to be R-integrable over any closed interval [0, T] C RT. If

the Lebesgue integral converges absolutely, i. e.

L-/O | £(6) | dt < o0, (11)

then the Lebesgue and the improper Riemann integral coincide,
[e's) 0o T
L-/ f®)dt = R—/ ft)dt = lim L-/ f(¢)dt. (12)
0 0 T—o0 0
It may happen, however, as in the famous example

R-/ Ly (13)
0 t

that the improper Riemann integral converges conditionally while the Lebesgue inte-
gral over the same domain does not exist (see [10], pp. 150 ff.). As a consequence of

these facts, the feasible domains By, and By are, in general, incomparable. Applying



the Lebesgue integral, we exclude from B all feasible trajectories which make the
improper Riemann integral non-absolutely convergent. On the other hand, taking
the improper Riemann integral, all trajectories from B which are Lebesgue integrable
but not Riemann integrable even on compact sets will get lost. For these reasons, it
is very important to formulate an infinite horizon problem with the proper integral
notion reflecting the situation behind the model in an appropriate way. As we will
see in Section 3 below, the problems with distinct integral types will also require

completely different mathematical treatments.

2. Some background from calculus and functional analysis.

a) Basic notations.

Let us write [0, co) = R*. We denote by M"(R"), L (R") and C*™(R*) the
spaces of all vector functions z: R™ — R" with Lebesgue measurable, in the pth
power Lebesgue integrable or continuous components, respectively (cf. [9], p. 146
and pp. 285 ff., [10], pp. 228 fI.). The Sobolev space W;’"(RJF) is defined then as
the space of all vector functions z: Rt — R", whose components belong to Lp(R+)
and admit distributional derivatives &; (cf. [22], p. 49) belonging to Lp(R*) as well.
For n = 1, we suppress the superscript in the labels of the spaces. The interpretation
of the integrals will be made precise by the symbols L-[ for a Lebesgue and R-[ for

a Riemann integral.

b) Weighted Lebesgue and Sobolev spaces.

A Lebesgue measurable function v: RT — R\ {0} with positive values is called

a density function iff it is Lebesgue integrable over R
L—/ v(t)dt < oo. (14)
0

By means of a density function v € C°(R"), we define for any 1 < p < oo the
weighted Lebesgue space

— —— o » 1/p
LR = {2€ M"®Y) | 2] im0 = (L/O 2(t)Pw(t)dt) " < o0} (15)
as well as

Ll RLv)={ze M"R") ||z Ln (mtw) = Oeistsgp |z(t)v(t)]| < oo} (16)



and the weighted Sobolev space

Wo"RY ) ={ze M"RY) |z LI(RY ), i€ LI(RYv)} (17)

p p

(see [16], p. 11 {.). Equipped with the norm

| ||W;vn(R+,y) = |z ||L;(R+,y) + & ||L;'(R+,y)a (18)

W;n(Rﬁ v) becomes a Banach space (this can be confirmed analogously to [16],
p. 19, Theorem 3.6.). Any linear, continuous functional ¢ : LP(R"", v) — R can be
represented by a function y € Lq(R+7 v)withpt4+¢t=1ifl <p<ooandq=o0
ifp=1:

(o, z) = /Oooy(t)x(t) v(t)dt e L (R*v). (19)

We can apply [10], p. 287, Theorem 3.2, since the measure generated by the density
function v is o-finite on R™.
c¢) Compact imbedding for weighted Sobolev spaces.

Let us recall first an imbedding result for non-weighted Sobolev spaces over un-

bounded domains. We state it as

Lemma 2.1. ([1], p. 167 {., Example 6.43, together with pp. 170 ff., Theorem
6.47) Let 1 < p < oo. Given a positive, nonincreasing, continuously differentiable
function v: RT — RT\{0}. By means of v, we define the open set

Q ={tHeR*|0<t, 0<E<v(t)}. (20)

Then the imbedding W;(Qy) — LP(Q,,) is compact iff the function v satifies the

condition

lim v(t+e)
t—oo V(t)

=0 (21)

for every fized € > 0.

For weighted Sobolev spaces, we mention the following theorem recently proved by
ANTOCI [2]:



Theorem 2.2. ([2], p. 63, Theorem 4.3.) Given a continuous density function
v: Rt = RT\{0} as defined above. By means of v, we define the open set

Q ={tHeR*|0<t, 0<E<v(t)}. (22)

If the imbedding W;(Ql,) — L,(S2,) is compact then the imbedding W;}(Rt v) —
Lp(RJr, v) for the weighted spaces is compact as well.

d) Properties of the Nemytskij operator.

For a given Carathéodory function g(t,¢): R x R® — R (i. e., g(-,&) is Lebesgue

measurable for all ¢ € R®, and g(t, -) is continuous for all t € RT), the insertion of
a s-vector function z(¢): RT — R into g is described by the Nemytskij operator
N:

(Nx)(t) = g(t, (1)) . (23)

Note that the following theorem, which has been stated in [21], is particularly valid

for Lebesgue spaces on unbounded domains.

Theorem 2.3. ([18], p. 162, Theorem 19.2., together with p. 154 f., Theorem
19.1.) Let g(t,&): RT x R® — R be a Carathéodory function. Then the Nemytskij
operator N associated with g by (23) is a bounded and continuous operator between
the spaces L;(R+) and L, (RT) with 1 <p < oo and 1 < p' < oo iff g satisfies the

growth condition
9(t,©)| < A@®) + B- X |67 V(& eRT x R (24)
i=1

with a function A € L, (RY) and a constant B > 0. If p’ = oo then the condition
(24) has to be replaced by

lg(t.&)| < K V(t,§) eR*" x R®. (25)

with K > 0.



3. Semicontinuity of functionals with integrals over [0, c0).

a) A semicontinuity theorem in the case of Lebesgue integrals.

We state now a semicontinuity theorem for the objective (8.1) involving the Lebesgue
integral.

Theorem 3.1. Let 1 < p < oo. Consider a nonnegative integrand r(t,&,v): R
x R"x R" — R, a function o(t): RT — RT\{0} and a density v(t): RT —
R*T\{0} under the following assumptions:

1) The function r(t,&,v) is continuous with respect to t, continuously differentiable

with respect to & and v, and convexr with respect to v.

2) With respect to its second and third argument, the integrand r satisfies the follo-

wing growth condition:

g gn v T ~
|’I"(t, V(t)ll/p, ... ( )1/p y 11/p vy y(f)l/p ) . l/(t) | (26)
n | | r/q . r ‘Uk ‘p/q N N .
< Ai(t) + Z: ()1/q + By kz—:l MORE V(t,&v) e R"x R"X R

with a function Ay € Ll(R+), a constant By >0, and p~ ! +q¢ 1 = 1.

3) With respect to its second and third argument, the gradient V., r satisfies the

following growth condition:

& én v o v(t)
| Vo r(t, O LA O AR O ) ONE | (27)
&Pl 0[P/

< As(t) + By 'Z; u(t)l/q

with a function Ag € Lq(R+), a constant Bo >0 andp ' +¢ ' = 1.

3 g Ve eRT R R

4) For the density function v, the condition

lim v(t+e)
t—o0 V(t)

=0 (28)

holds for arbitrary ¢ > 0.

Consider two sequences {x™ }, W;’n(RJr, v) — 1z € W;’n(RJr, v) and {uV},
L;(R*‘, v) — uy € L;(R+7 v). Then the following lower semicontinuity relation
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holds:
JL(LC()7 Uo) = L-/Ooo T‘(t7 xo(t), ’U,Q(t)) g(t) dt

< liminf L—/ r(t, 2™ (), u™ (1)) D(t) dt = liminf Jz (=™, «™). (29)
0

N—o0 N—o0

Proof. e Step 1: Compactness of the imbedding W;’"(Rf v) — LZ(RJF, v). By
assumption 4), we can apply Lemma 2.1. in order to ensure the compactness of the
imbedding W;’"(Q,,) — L, () where Q, C R? is defined by

Q ={tHeR*|0<t, 0<E<v(t)}. (30)

Then from Theorem 2.2. we get the compactness of the imbedding W;’"(RJF, v) —
L; (Rf v). Consequently, from the weak convergence of the sequence {2 } in the
space W;’"(Rf v) it follows its convergence in LZ(R*7 v)-norm.

e Step 2: A lower estimate for Jr(z™,u). From differentiability and convexity of

7 with respect to v, we derive
r(t, 2™ (), uN () = r(t, 2N (1), uo(t)) (31)
+ Vor(t,z™ (#),uo(®)" (u™(t) —uolt)) =
r(t ™ (), uN () (t) = vt e (1), uo(t) (1) (32)
+ Vo r(t, zo(t), u(t)™ (uN(t) —uo(t)) o(t)
+ (Vor(t,a™ (t), uo(t)) — Vo r(t, zo(t), uo(t)) )T (u™N(t) —uo(t)) v(t) =

L-/(><> r(t, 2N (t),u™ (1)) U(t) dt (33)
0

> Ji(z™ug) + Ja(wo,u™,u0) + J3(@, o, uN, ug)

with

Jl(l'N, U()) = L-/OOO r(t,xN(t),uo(t))ﬁ(t) dt; (341)
afan, ) = L[yt mn(0)unle) T (¥ () = o) 10) (34.2)
Jg(:)}N, zg, u™, ug) = L—/OOO(VU r(t, xN(t),UO(t)) (34.3)

— Vo r(tao(t),uo(®)) " - (uM(t) —uo(t)) o(t) dt
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The existence of the integrals Ji (2, ug), Jo(z0, u”, uo) and J3(z", 2o, u™, up) on the
right-hand side of (33) will be confirmed in Step 4 below.

e Step 3: Consequences of the growth conditions.

Lemma 3.2. The Nemytskij operator
(N (2, u))(t) = r(t, ™ (1), uo(t)) (35)

is a continuous map between the spaces L;H_T(RJF, v) and L, (R D).

Proof. Since

(@Nup) € LR y) = (2NvP ugr'?) e LITT(RT) (36)
and

r( e ()uo() € LiRED) = r(- 2N () uo() P(-) € Li(RY), (37)

the growth condition from Theorem 2.3. reads as

51 gn (%1 (%3 ~
(ST v v ) PO (38)
< M)+ By g L ) R X R X R
< . . JEv
' =20 RO = ORL

with A; € Ll(R+) and By > 0. Since this condition was assumed, the Nemytskij
operator (35) maps LZH’(RJF, v) continuously into L, (R%7). m

Lemma 3.3. The Nemytskij operator

t

(N (z0,u0))(t) = | Vvt z0(t), uol1))| (? (30)

)
is a (continuous) map between the spaces LZJFT(RJC v) and Lq(R+7 v).

Proof. Since

(xo,u0) € LZ'FT(R'*;V) — (350 Vl/p, uo Vl/p) c LZ+T(R+) (40)
and
|vvr<-7xo<->,uo<->>\38 € LR )
()



12

the growth condition from Theorem 2.3. reads as

& &n U1 Up g(t)
or(t, R : R : 42
Vor(t e o s v v ) v | (42)
< As(t) + B fj |£i|p/q+B 2 ok [P/ V(& v) ERT xR xRS
S 2 =1 v(t)ta ? =1 v(t)e Y

with Ay € L (R+) and By > 0. Since this condition was assumed, the Nemytskij
operator (39) maps the space L"+T(R+ v) continuously into L, (RYv). m

Lemma 3.4. The Nemytskij operator

(N (2N, g, u0))(t) = | (er(t,:cN(t),uo(t)) -V, r(t,zo(t),uo(t))) . z(g ‘ (43)

is a continuous map between the spaces L"+"+T(R+, v) and Lq(Rf v).

Proof. We have (44)
(zN, g, u9) € Ij;l'~_7l'~_7"(R+7 v) <— (x P g P g l/l/p) € L"+n+r(R+)

and

N

[(Vor(-, 2™ () u0(+)) = Vur(-,ao(-)uo(+))) - =

e |eLR v) (45)

)
= | (Vor(,a™(-)uo(-) = Vor(,zo(-),uo(+))) - ((1/p|€L (RT).

Then from assumption 3) we derive the following growth condition:

IV, r(t, y(f)ll/p, y(f;/p’ ST )
~ V() V(f)ll/p, V(f;/p, V(;’)ll/p, V(Z’)Tl/p |- Z()tl)/p
< V(e V(f)ll/p, V(f)"l/p, V(:)ll/p, V(:)Tl/p |- V(Z()tl)/p (46)
+|V,r(t, (ill/p, (5)”1/p, V(”)ll/p, (”)TUPH. Z()?/p
& [P/ | & [P/ | o [P/

< 2A45(t) + By - Z

=out )1/q Z v(t)/a + 2Bs- Z ()17 (47)

(t7£a€7v) €R+ x R"x R"x R"
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where As € Lq (R+) and 2 By > 0. Consequently, the Nemytskij operator (43) maps
the space LZ'HL'H(R*, v) continuously into L (R%v).

e Step 4: The integrals Ji(zN,ug), Ja(wo,uMN,ug) and Js(ax™, xg,u’, up). From
Lemma 3.2. we conclude that the integrals Ji(z™,uo) are finite for all N € N.

Together with Step 1, we can further derive the limit relation

liminf Jy(z™ ug) = lim Jy(2™ uo) = L—/Ooo r(t,xo(t), uo(t)) v(t)dt,  (48)

N—oo N —o00

and the last integral is finite as well. Next we estimate Jo(zo,u", ug) by Hélder’s

inequality (see [10], p. 222, Theorem 1.5):

| Jg(l‘o, UN, UO) |
uM () — uo(t) ) B(t) dt’

L-/O | Vo r(t,zo(t), uo(t)) E? || u™(t) = uo(t) | v(t)dt
t

(L'/Oooyvvr(t,xo(t),uo(t))(t)‘qy(t)dt)l/q
’ (L_/O |UN(t) *Uo(t) |py(t) dt)

—~

- ‘ L- ooo Vy r(t,xo(t),uo(t))T

N
NI

N
NN

1/p

(

= H Vau T('a$0(')7u0(')) I/(% H L, (Rtv) ’ H u®

— Yo HLP(RJF,V) : (49)
From Lemma 3.3. it follows that the first norm in (49) is finite, and Jo(zq, u®Y, ug) can
be understood as the application of a linear, continuous functional to the difference
(uN —ug) € L, (R%v). Then from the weak convergence {u"} — ug in L, (R v)

it follows that

liminf Jo(zo, u™, ug) = lim Jy(zo,u™, u) = 0. (50)
N—oo N—o0

Again we apply Hélder’s inequality in order to estimate Js (2™, 2o, u™, ug):

N

| J3(1'Na Zo, U ,Uo) |

- ‘ L_/Ooo(vv r(t, N (), uo(t)) — Vo r(t, 2o(t), uo(t)) )T (u™ () — uo(t) ) v(t) dt ’
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< L./Oooy (Vo r(t, 2™ (), uo(t)) — Vo r(t, z0(t), uo(t)) ) igg |
| uN () —uo(t) | v(t) dt )
< (L/O |(V1,r(t,:z:N(t),u0(t))er(t,zo(t),uo(t)))zgg}qu(t)dt) &

. (L./OOO\UN(t)_uO(t) |pu(t)dt>1/p
= (Tara () = ForCol Dl D) DL e 6

: H u™ —ug ’ Ly(R*w)

Since the weakly convergent sequence { u" } is bounded, the second norm difference

in (51) is bounded as well, and from Step 1 and Lemma 3.4. it follows that

. N ﬁ() _
Jm [ (VorCoa (o) = VorCsao( () S5 o ey = 00 (62
Consequently, we have
liminf J3(z, 20, u™, ug) = lim J3(2™, zg,u™,u0) = 0. (53)

N—oo N—o0

e Step 5: The lower semicontinuity relation for Jr,. From (33), (48), (50) and (53)
we get

liminf J, (2, u™)
N —o0

> liminf Jy (2™, u0) + liminf Jy(zo, u”™, ug) + liminf Js(z, 20, u", ug)

N—oo N—oo N—oo
= lim Ji(zNu) + lim Jo(zg,u,ug) + lim Js(z, zo, u, up)
N—oo N—oo N—oo
o0
s / r(t 20 (1), w0 () F(t) dt = J1(z0,u0) (54)
0

and the proof of Theorem 3.1. is complete. m

b) Counterexamples in the case of improper Riemann integrals.

In the first example we see that the different interpretations of the integral within
the objective of an infinite horizon problem lead to different feasible sets. Moreover,

the problem has to be formulated in the framework of weighted spaces.
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Example 3.5. Let the integrand r(¢,v): RT x R — R be given by
int
&-v | 2kr <t < (2k+ D)7

r(t,v) = sint
2— v | 2k+ Dr <t < (2k+2)7.

Consider the “loosely formulated” infinite horizon control problem

Ploc: J(zyu) = —/0Oo r(t,u(t)) dt — Min !

(z,u) € W (R v) x L,(Rv);
#(t) = u(t) a.e.on RT, 2(0) = 0;
u(t) €U = [%, 1] a. . on RY,

(56.1)

(56.2)
(56.3)
(56.4)

As in Section 1.e), denote by B the set of pairs fulfilling (56.2) — (56.4), by By, the
subset of pairs (z,u) € B, which make L-[;°( —r(t,u(t))) dt convergent, and by Bg
the subset of pairs (x,u) € B, which make R-[;°( —r(t,u(t))) dt convergent. Since

the integral is of type (13) it is obvious that

BL:@ and BR7£®

R

o0

The optimal control in (P)Z} is given through

1| 2km <t < (2k+ L)m;
u(t) =
1
3 | 2k + D)7 <t < (2k+2)7.

Defining the functions v and v by

with ¢ > 0, we see that

=t ¢ W (RT) but "€ W (R v)

(57)

(58)

(59)

(60)

for any 1 < p < oo what justifies the choice of a weighted Sobolev space as the state

space.

The second example shows that the objective with an improper Riemann integral

can fail to be weakly lower semicontinuous.
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Example 3.6. Consider the problem

Ploo: J(zyu) = —/OOO sin(z1(t) ) dt — Min !; (61.1

)

(z,u) € W*(RYv) x (L,(RYv) N CO(RY)); (61.2)
) = x5(t) a.e.on RT, 21(0) = 0; (61.3)
(61.4)

(61.5)

-

iy (¢
(t) = u(t) a.e.on RT, 25(0) = 0;
u(t) € U=1[0,1] a.e. on R*.

Tg

Let the functions v and v be defined as in (59). Again, we denote by B the set
of pairs fulfilling (61.2) — (61.5), by B, the subset of pairs (x,u) € B which make
L-[;° (—sin(a1(t)) ) dt convergent, and by Bg the subset of pairs (z,u) € B which
make R-[°(—sin(z1(t)) ) dt convergent. In this problem, we get B # @, Bg # @

since (xg,up) = ((8),0) € By, N Bg. Consider now the sequence

Nty = < (62)

of admissible controls in (P)E. Then z and x) belong to the weighted Sobolev
space W;(RJC v) for any 1 < p < oo, and

lim H N — zg HWl,g(RJr ) = 0 as well as (63.1)
N—oo P ’
Jim (| u™ = uo {|LP(R+7V) =0. (63.2)

However, the semicontinuity of the objective fails along the sequence { (zV,u’¥) } —
(0, u0) € W;’Q(RJC V) X LP(R‘L, v). We calculate (cf. [12], p. 554, Nr. 491, Examples
3 and 4)

t? vV N * sin s v N ™
R/sm z () dt = R/sm dt = T.R_/o ﬁdS—?~ 5.(64)
Consequently, we have (65)
Jr(zo,u0) = 0 # lim Jp(a™, ") = lim R- (—sin(xf(t)))dt = —00,
N—oo N—oo 0

and the functional with the improper Riemann integral is not weakly lower semicon-

tinuous.
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¢) Counterexample in the case of Lebesgue integrals.

This example was considered by HALKIN [14] in order to prove that the adjoint
function y of this problem does not satisfy the natural transversality condition

lim ¢, y(T) = 0, corresponding to the terminal condition that x(oco) is free.

Example 3.7. Consider the problem

(Pa: J(wu) = L-/Ooo(—(l ~a())u(t) ) dt — Min I; (66.1)
(x,u) € W;(R"t V) X Lp(R+7 v); (66.2)
#(t) = (1 —z(t))u(t) a.e.on RT, 2(0) = 0; (66.3)
u(t) € U=1[0,1] a.e.on R*. (66.4)

Let the functions v and v be defined as in (59). Again, we denote by B the set of
pairs fulfilling (66.2) — (66.4), and by By, the subset of pairs (z,u) € B, which make
L-[;°(1 — x(t)) u(t) dt convergent. Integrating the separated differential equation
(66.3) with the initial condition x(0) = 0, we obtain 2(t) = 1 — e~ F'®) with F(t) =

fg u(s) ds. We study the following sequence { (z%V,u”™)} of feasible processes:

N 0]0<t<N;
u™ (t) = 1 (67)

and
0 0<t<N;
() = [o<t< (68)
—e! /N 41 | N <t <oo.

We see again that

uN ¢ L(RY) but w el (RYv) (69)
and

N g W RY) but 2V e W (RYv) (70)

for any 1 < p < oo, what justifies the choice of a weighted Sobolev space as the
state space. Moreover, { (zV,u’)} converges to (zo,up) = (0,0) in W;(R"'7 v) X
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LP(R+, v)-norm since

Nhinoo [E HLP(Rty) = 0; (71.1)

Nhinoo [Ead ||LP(R+,V) = 0; (71.2)
. N .

Nlinoo K HLP(Rtu) =0 (71.3)

for all 1 < p < co. Finally, we obtain
Jp (@™, uN) = L—/ (—(1- N () ulv ) dt
0

_ L-/oo(—(l—xN(t))uN)dt — 1, (1)

N

but insertion of (xg,ug) = (0,0) gives

JL(IE(),LLO) = L—/ 0dt = 0. (73)
0
Consequently, we arrive at

Jr(xo,up) = 0 > lim Jp(aMul) = —1, (74)
N—o00

and the functional with the Lebesgue integral is neither strongly nor weakly lower

semicontinuous within the spaces W;(RJF, V) X Lp(Rf v), 1 < p < oco. Let us finally

note that in this example the growth conditions (26) and (27) of Theorem 3.1. are

not satisfied, and the theorem is not applicable.

References.

[1] Adams, R. A.: Sobolev Spaces. Academic Press; Boston etc. 1978

[2] Antoci, F.: Some necessary and some sufficient conditions for the compactness of the
embedding of weighted Sobolev spaces. Ricerche Mat. 52 (2003), 55 — 71

[3] Benveniste, L. M.; Scheinkman, J. A.: Duality theory for dynamic optimization models
of economics: the continuous time case. J. of Economic Theory 27 (1982), 1 — 19

[4] Blot, J.; Hayek, N.: Second-order necessary conditions for the infinite-horizon varia-
tional problems. Mathematics of Operations Research 21 (1996), 979 — 990

[5] Blot, J.; Hayek, N.: Sufficient conditions for infinite-horizon calculus of variations
problems. ESAIM Control Optim. Calc. Var. 5 (2000), 279 — 292

[6] Blot, J.; Michel, P.: First-order necessary conditions for infinite-horizon variational
problems. J. Optim. Theory Appl. 88 (1996), 339 — 364



19

[7]

(8]

[20]
[21]
[22]

[23]

Carlson, D. A.; Haurie, A. B.; Leizarowitz, A.: Infinite Horizon Optimal Control.
Springer; Berlin etc. 1991, 2nd ed.

Dmitruk, A. V.; Kuz’kina, N. V.: Existence theorem in the optimal control problem on
an infinite time interval. Mathematical Notes 78 (2005), 466 — 480

Dunford, N.; Schwartz, J. T.: Linear Operators. Part I: General Theory. Wiley-
Interscience; New York etc. 1988

Elstrodt, J.: Maf$- und Integrationstheorie. Springer; Berlin etc. 1996

Feichtinger, G.; Hartl, R. F.: Optimale Kontrolle 6konomischer Prozesse. de Gruyter;
Berlin - New York 1986

Fichtenholz, G. M.: Differential- und Integralrechnung. Band II. VEB Deutscher
Verlag der Wissenschaften; Berlin 1990, 10th ed.

Goh, B. S.; Leitmann, G.; Vincent, T. L.: Optimal control of a prey-predator system.
Mathematical Biosciences 19 (1974), 263 — 286

Halkin, H.: Necessary conditions for optimal control problems with infinite horizons.
Econometrica 42 (1974), 267 — 272

Klotzler, R.: On a general conception of duality in optimal control. In: Fabera,
J. (Ed.): Equadiff IV. Proceedings of the Czechoslovak Conference on Differential
Equations and their Applications held in Prague, August 22 — 26, 1977. Springer;
Berlin 1979 (Lecture Notes in Mathematics 703), 189 — 196

Kufner, A.: Weighted Sobolev Spaces. John Wiley & Sons; Chichester etc. 1985

Leizarowitz, A.; Mizel, V. J.: One-dimensional infinite-horizon variational problems
arising in continuum mechanics. Arch. Rat. Mech. Anal. 106 (1989), 161 — 194

Magill, M. J. P.: Pricing infinite horizon programs. J. Math. Anal. Appl. 88 (1982),
398 — 421

Pickenhain, S.; Lykina, V.: Sufficiency conditions for infinite horizon optimal control
problems. In: Seeger, A. (Ed.): Recent Advances in Optimization. Springer; Berlin
etc. 2006 (Lecture Notes in Economics and Mathematical Systems 563), 217 — 232
Sethi, S. P.; Thompson, G. L.: Optimal Control Theory. Applications to Management
Science and Economics. Kluwer; Boston - Dordrecht - London 2000, 2nd ed.
Vainberg, M. M.: Variational Methods for the Study of Nonlinear Operators. Holden-
Day; San Francisco - London - Amsterdam 1964

Yosida, K.: Functional Analysis. Springer; Berlin - Heidelberg - New York 1980, 6th
ed.

Zaslavski, A. J.: The existence of periodic minimal energy configurations for one-

dimensional infinite horizon variational problems arising in continuum mechanics.
J. Math. Anal. Appl. 194 (1995), 459 — 476

Last modification: 15.01.2008



20

Addresses. Sabine Pickenhain: Cottbus University of Technology, Institute of Mathema-
tics, P. O. B. 10 13 44, D-03013 Cottbus, Germany. e-mail: sabine @ math.tu-cottbus.de

Valeriya Lykina: Cottbus University of Technology, Institute of Mathematics, P. O. B.
10 13 44, D-03013 Cottbus, Germany. e-mail: lykina @ math.tu-cottbus.de

Marcus Wagner: Chaire d’Analyse Mathématique et Applications, TACS, Batiment de
Mathématiques, Station 8, Ecole Polytechnique Fédérale de Lausanne, CH- 1015 Lausanne,
Switzerland. e-mail: marcus.wagner @ epfl.ch



